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- » Use initial conditions to-find particular'solutions of différgnﬁal equéﬁth. ‘
' Use slope fields to approximate solutions of differential équations.

e Use Euler’s Method to approximate solutions of iii_if_erent_ial equations.

NOTE First-order linear différential. ~

equations are discussed in Section 6.4.

~ General and Particular Solutions

[

o I this text, you will learn that physical phenomena can be described by diffﬁrenti_ali
* -equations. In Section: 6.2, you will see that problems involving radioactive decay, |

population growth, and Newton’s Law of Cooling can ‘be formulated in terms’ of ,
differential equations. | o o C S
A furiction y = f(x) is called a solution of a differential equation if the equation :
is satisfied when y and its derivatives are replaced by fx) and its derivatives. For * A
example, differentiation and substitution would show thaty = =2 ig a solution of the i

- differential equation y’+ 2y = 0. It can be 'sﬁowﬁ_.that_ every solution of this -
. differential_gquatiqn is ‘of the form . .

Ty = Cez ' . General solution of y* ¥ 25{ =0 _
‘where C is any real nurhber. This solution is called the general éolutibri. Some
differential equations have singular solutions that cannot be written as special ‘cages |

-+ of the-general solutior. Howeyer; such solutions are not considered in this text. The

order of a differential equation is determined by the highest-order derivative in the’

_equation. For instance, y’ = 4y is a first-order differential equation.

In Section 4.1, Example 8, you saw that the ‘second-order differential e‘quatioxi,

- $/() = —32 has the general solution .

s = 2162 + Ce+C,. © Genéril solution of s"(t) = ~32 .

- ‘which contains two ‘arbitrary const;anté. It can be shown thata differential equaiﬁon of ‘
. order n has a general solution with n arbitrary constants. ‘ ' '

 EXAMPLE [ Verifying Solutions .

" _ Determine whether the fanction is a solution of the differential equation y” — y = 0.~

a. 4y.=_,sinx ‘ b.y= '4;3*{ ¢ y=_Ce* -

Solution

~. ;2. Becausey = sin}c, y! = cos x, and j{” = —sin x, it follows that :

gL y= —gin g — sinx = —2sinx #O .

So, y = siii x i§ not'a solution. - T

‘', Bgcéuse Yy =4eTF y = —4¢7% and y” = 4¢7, it follows that )

- Y —y = de=x ~ Aé;‘ = 0.
- 80,y =4e7 is a solution.

é...Beca,use y = Ce*, y’ = Ce~, and y”% Ce*, it folIoWs thét i '

y"f y,———"C“e" —-'~C'e-t = (.

S84,y = C¢is a solufion for any valué of C.. SR



General
solution:

Solution curves for xy’ + y = O
Figure 6.1
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Geometrically, the general solution of a first-order dlfferentlal equation -
represents a family of curves known as solution curves, one for each value assigned

" tothe arbxtrary constant. For instance, you can verify that every function of the form -

y== . ' ' General solution of xy’ + y = 0.
is a solution of the differential equation xy’ + y = 0. Figure 6.1 shows four of the
solution curves corresponding to different values of C.

As discussed in Section 4.1, particular solutions of a differential equanon are
‘obtained from initial conditions that give the value of the dependent variable or one
of its derivatives for a particular value of the independent variable: The term “initial
condition” stems from the fact that, often in problems involving time, the value of the
dependent variable or one of its derivatives is known at the initial time ¢ = 0,

For instance, the secohd—order dlfferentlal equation s*(f) = —32 having the general
solutmn .
5(t) = —16¢2 + Cit + c, - Generﬂl solution;of s{f) = —32

. might have the followmg mmal condmons

s(0) = 80, '(0) = 64 Initial condmons -
In this case the initial condmons yleld the particular solutlou L
s(t) = .—161‘2 + 64t + 80 Particular solution

EXAMPLE 2" Finding a Partlcular Solution

For the dlfferentlal equation xy’ — 3y = (, Venfy thaty = Cx¥isa solutlon and find
the partlcular solution detenmned by the initial condition y = 2 wheu x= -3

Solutwn You know that y = CJL3 isa solutlon because y’ = ESC‘x2 and

-3y = x(3Cx’) - 3(C‘x3)

=, ' |
Furthermore, the initial condition y=72whenx = —3 yields
y = Cx? " General solution
c2=C(—3)p * Substitute initial condition.
- | | . ]
—5:/' = - . B Solve for C.

- and you can conclude that the particnlar solution is ‘

= —— ' " Particular solution
YT T

- Try checking th.lS solution by substltutmg for y and y’ in the ongmal differential
equatton

NOTE To determine a particular solution, the number of initial coudmons must match the
number of constants in the general solutmn

mdzcates that in the HM mathSpace® CD -ROM and the online Eduspace® systeni
far s text, ‘you will Jind an Open Exploration, which further explores this example using the
computer algebra systems Maeple, Mathcad, Mathematica, and Derive..



In Exercises 18, verify the solution of the differential equation.

In Exercxses 9-12, verify the partlcular solution of the ’

* differential equation.

Solution

Solution - Differential Equation
1. y=Ce y'=dy
2y=e* Iy tdy=eT
x4+ yi=Cy y'=20/(2 -39
o dy _ _xy
4 Y ~2lny=x L
Y dx . yr—-1
5. y=Cicosx+ C;sinx y'+y=20
- 6. y=Ce*cosx + Ce~*sinx "y 4+ 2y=0
7. y = —cosxIn|secx + tan x| y'+y=tax
8. y= -(e"-’r + &%)

¥+ 2y =2

Dijfferential Equation
dnd Initial Condition

9. y = sinxcosx — cos?x

10 y= %x’l_—- dcosx + 2
1Ly = 6e72"

-12. y = gmooss

2y +y =2sin(2x) — 1
; s

(Z)-0

Yy ' =x+4sinx

y(0) = ~2
y'=—dry
¥(0) =

Y =ysinx

A7) -1

In Exercises 13-18, determine whether the function is a solutlon
of the differential equatmn ¥4 — 16y = 0.

13. y =3 cosx )
14 y= S»éos 2x
15. y =g

16. y=5Inx

17. y = Cle™ + C, £ 4. C, sin 22 + C4 cos 2x

18. y = 3e¥ — 4 sin 2x

In Exercises 19-24, determine Whether the t‘lmctlon isa solutum
" of the differential equation xy’ — Zy x3e’

19. y =2

20. y = x2%*

2L y = x}2 + &)
22, y=sinx

23. y=Inx

24. y = x%e* — 5x?

B.y=c sin3x + C; cos 3z

SECTION 6.1

Tn Exercises 25-28, some of the curves correspondmg to
different values of C in the general solution of the differential -
equation are- given. Find the particular solutlon that passes
through the point shown on the graph

Solution Differential Equatian_ )
25.7y = Ce~+/2 ' +y=0 .
26. Y& + ) = y+ (2 +Gh'=0
27, y? = Cx3 2xy" 3y =10
28. 2);2—-y2=C fy’—2x=-0

4 -
3_
2 -

Figure for 27 . Figure for 28

@% In Exercises 29 and 30, the general solution of the differential
" equation is given. Use a graphing utility to graph the particular

solutions for the glven values of C.-
29. 4yy’' — x=170
AyP—xr=C
: c=o.»c=;e'1,c=j;4

30 yy +x=0
P24+yr=C
C=0,C=1,C=4

In Exercxses 31-36, verify that the general solution satisfies the

differential equation. Then find the partlcular solution that

satisfies the initial condition.

3L y=Ce™ ™ -
y+2y=0
y=3whenx=0

32.3x1+ 292 =C
3x+2yy'=0
y=3 when x = 1
3.y=C + Glnx.
y+9=0 =, L omy =0
y = 2 whenx = w/6
¥'=1whenx = /6

y=0whenx =2
y'=%whenx=2
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