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About the Cover 

The cover of this issue was submitted by Tristan Peirce, a 

Health Science student, with the following caption:  

“If you were to stand directly on the equator, the Earth 

would spin you around its rotational axis at more than 1600 

km/hr. As you move towards either pole, this tangential 

velocity decreases and decreases until you reach zero, at 

which point you have arrived at the pole. Despite how fast 

this is, on the surface of the Earth, it can be difficult to 

discern our speed. Astrophotography can help us visualise 

this constant spinning.  

Captured during a fall field trip to Arundel, Quebec, with 

the Dawson Environmental Sciences cohort, this image 

was created by stacking 200 exposures taken over one hour, 

with the camera pointed north. The resulting star trails 

reveal the apparent rotation of the night sky, tracing arcs 

around Polaris. Positioned nearly in line with Earth’s axis, 

Polaris appears almost fixed, anchoring the swirling 

motion around it, giving it the nickname of the North Star.” 

Letter from the Editors 

Welcome to this sixteenth edition of the Dawson Journal 

of Experimental Science (DrJes). We are pleased to share a 

selection of work that reflects the effort, curiosity, and 

persistence of the Dawson students who contributed to this 

publication. Each article represents more than a final result. 

It captures a lengthy but rewarding process of questioning, 

testing, and refining ideas over time.  

One of the most striking aspects of this issue is the range 

of approaches taken by the authors who went beyond the 

regular Science program curriculum. Some projects focus 

on careful measurement and analysis, while others explore 

broader questions through creative experimental design. In 

each case, what stands out is a genuine engagement with 

the scientific method. The work presented here shows that 

meaningful learning often comes from uncertainty, 

revision, and thoughtful interpretation rather than from 

immediate success. We hope that this quest for knowledge 

will inspire you, dear Readers, to pursue your own 

scientific endeavours and contribute to the larger scientific 

dialogue. 

Editing this journal has also highlighted the importance of 

collaboration. Many of these projects were shaped through 

discussion with peers and insightful guidance from 

instructors. This shared effort contributes to a stronger and 

more thoughtful scientific community within Dawson. 

Finally, we would like to thank all contributors, reviewers, 

and faculty members for their generous time and 

unwavering dedication. Their involvement makes this 

journal possible and continues to raise its quality. We would 

like to end by thanking our team of editors who took 

valuable time out of their already schedule to reach out to 

referees, format, and edit each article thoroughly, ensuring 

a high-quality journal for you to enjoy. 

Happy reading! 

Thomas Deleuze Bisson 
Emeline Tchung 
Head Editors, DrJes (2025-2026) 

Editors 

Alexey Solovyev, Ariadni Lianidaki, Chloe Larivée, 

Kaylen Esquivel Kearns, Mani Sadeghi, Matthew Balas, 

Maya Kaci, Nadira Zibirov, Victor Chobadingedui,  

Martin Nguyen (social media manager). 

Check out our Instagram: 

@drjes_2024 

Email for article submissions: 

drjeseditorial@gmail.com 
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A Theoretical Framework for 

Neuroprotection: Human-

Adapted Tardigrade Damage 

Suppressor Protein Engineering 

and mRNA-Based Delivery for 

PTSD and Alzheimer’s Disease 
MD Ahlam Hamid, Aryan Shadzi, John Mikhael1, Logan James Nguyen Huu 

1 Champlain College Saint-Lambert, Saint-Lambert, Quebec 

Abstract — Post-traumatic stress disorder (PTSD) affects 4% globally (WHO, 2024), and Alzheimer’s disease (AD) impacts 1 

in 9 seniors above 65 years of age (Alzheimer’s Association, n.d.). Both are linked to oxidative stress (Huang et al., 2016; 

Karanikas et al., 2021), yet current treatments fail to halt progression (Miculas et al., 2022). Tardigrade damage suppressor 

(Dsup) proteins shield DNA from hydroxyl radicals but induce toxic chromatin condensation in human neurons (Escarcega et 

al., 2023). This paper proposes a human-adapted Dsup variant with targeted C-terminal lysine/arginine substitutions to reduce 

charge density. We outline a dual-mRNA strategy using separate transcripts for nuclear and mitochondrial targeting, produced 

via in vitro transcription (IVT) with 𝑁1-methylpseudouridine-modified (𝑚1𝜓) mRNA modifications (Sahin et al., 2014; Ho et 

al., 2024) and delivered via ApoE-functionalized lipid nanoparticles (LNPs) for blood-brain barrier penetration (Magro et al., 

2017). Evaluation in induced pluripotent stem cell (iPSC)-derived neurons focuses on reducing 𝛾𝐻2𝐴𝑋 foci without chromatin 

disruption (Escarcega et al., 2023), supporting that this strategy can potentially be a future treatment for oxidative stress-related 

neurological conditions.

Introduction 

Shared Mechanisms in PTSD and Alzheimer's 

Disease 

Both PTSD and Alzheimer’s disease (AD) fundamentally 

disrupt memory, emotional regulation, and cognitive 

function. PTSD arises from traumatic exposure, while AD 

is characterized by progressive loss of synaptic 

connections and modified gene expression (Shankar & 

Walsh, 2009; Meftah & Gan, 2023). Despite their 

differences, both conditions stem from similar underlying 

factors, including neurotransmitter imbalances, 

inflammation, epigenetic changes, and oxidative stress. 

Neurotransmitter dysregulation involves excessive release 

of glutamate, dopamine, and norepinephrine during 

trauma, strengthening fear-related memory encoding 

(Azevedo et al., 2024; Ouyang et al., 2012). Glutamate acts 

on NMDA and AMPA receptors, causing excitotoxicity 

that shrinks dendrites and reduces synapse count, 

particularly in the hippocampus and the prefrontal cortex 

(McEwen, 2017; Rivera-Cervantes et al., 2014). Decreased 

gamma-aminobutyric acid (GABA) levels contribute to 

circuit hyperexcitability and anxiety (Ghosal et al., 2016). 
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Dysfunction of the hypothalamic–pituitary–adrenal (HPA) 

axis disrupts cortisol regulation through altered 

glucocorticoid receptor signaling. Chronic trauma causes 

HPA axis hyperactivity or hypoactivity, damaging the 

hippocampus and the amygdala while disrupting brain-

derived neurotrophic factor (BDNF) necessary for neuron 

health (Karin, O. et al., 2020; Kaur et al., 2025; Knezevic 

et al., 2023; Seo et al., 2018; Deppermann et al., 2014). 

When microglia and astrocytes become activated, they 

trigger neuroinflammation that releases inflammatory 

molecules, which in turn harm synaptic connections. 

Dendritic spines are lost due to decreased synaptic proteins 

(Karve et al., 2015; Jarrahi et al., 2020; Merino-Serrais et 

al., 2018). Epigenetic modifications, including histone 

modification and DNA methylation, further lower BDNF 

expression, increasing brain vulnerability to stress 

(Golubeva et al., 2024; Zhao et al., 2020). 

Oxidative stress, characterized by imbalance between free 

radicals and antioxidants, represents a critical driver 

(Miller & Sadeh, 2014). Reactive oxygen species (ROS) 

and reactive nitrogen species (RNS), particularly hydroxyl 

radicals, react with DNA, lipids, and proteins (Chandimali 

et al., 2025). Hydroxyl radicals specifically react with 

hydrogen in deoxyribose, weakening DNA structure and 

leading to neuronal apoptosis (Balasubramanian et al., 

1998). Chronic glucocorticoid exposure generates 

additional ROS, accelerating aging-like neuronal damage 

observed in both conditions (Torres et al., 2021; Jamjoom 

et al., 2020), a process significantly driven by hydroxyl 

radical attack on DNA (Figure 1).

 

Figure 1. Effects of free radicals on DNA (Nett, 2020). 

These failures in cellular function gradually impair 

cognition (Figure 2), creating heavy personal and social 

burdens. Gaining a clearer understanding of the underlying 

mechanisms could guide the development of new 

treatments inspired by the resilience of tardigrade proteins. 

 

Figure 2. Normal vs advanced AD brain (Morales-Brown, 2024). 

Tardigrade Damage Suppressor Protein 

Tardigrades, or colloquially known as “water bears” 

(Figure 3), show extreme resistance to pressure, 

temperature, and ionizing radiation. This resilience is 

driven by their genome, which encodes protective proteins 

such as Cytosolic Abundant Heat Soluble (CAHS), 

Secretory Abundant Heat Soluble (SAHS), and Damage 

Suppressor (Dsup) proteins. Notably, the species 

Ramazzottius varieornatus can survive up to 5,000 Gy of 

gamma radiation, which exceeds the median lethal dose for 

humans by more than 1,000 times (Hashimoto et al., 2016). 

 

Figure 3. Image of a tardigrade (also known as “water bears”) 

under a microscope (Weisberger & Ghose, 2024). 

The tardigrade Dsup protein is intrinsically disordered and 

highly flexible. Its amino acid-rich C-terminal region is 

responsible for nuclear localization and nucleosome 

binding (Mínguez-Toral et al., 2020). Dsup contains 

regions homologous to vertebrate High Mobility Group 

Nucleosome (HMGN) binding proteins, which anchor it to 

chromatin (Chavez et al., 2019; Caswell, 2023). When 

bound to DNA, Dsup alters chromatin structural 

organization and forms a physical barrier over the minor 

groove, which strengthens the DNA helix. 

This shielding limits contact between hydroxyl radicals, 

generated by the irradiation of water molecules, and the 
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deoxyribose-phosphate backbone of DNA, thereby 

reducing oxidative stress and preventing DNA double 

strand breaks (Hashimoto & Kunieda, 2017; Hashimoto et 

al., 2016). Experiments in human embryonic kidney (HEK 

293T) cells have successfully demonstrated this protective 

effect, Dsup-expressing cells show fewer DNA double-

strand breaks after X-ray exposure compared to untreated 

cells (Hashimoto et al., 2016). 

Mechanistic Limitations of the 

Damage Suppressor Protein in 

Human Neurons 

Despite its protective effects, direct use of Dsup in human 

neurons poses major limitations. Dsup has no fixed 

structure and binds to chromatin non-specifically through 

strong electrostatic attraction between its alkaline C-

terminal region and the negatively charged DNA backbone 

(Hashimoto et al., 2016). 

This interaction shields DNA from damage by blocking 

ROS and hydroxyl radicals, but it also induces toxicity. 

Since Dsup binds in a non-specific way, it lacks the 

specificity to differentiate between DNA regions that 

require protection from those that need to stay open for 

essential processes such as transcription, replication, and 

repair. As a result, Dsup causes chromatin condensation, 

disrupting the three-dimensional organization of neuronal 

chromatin and interfering with genomic communication 

and cellular homeostasis (Medrano-Fernández & Barco, 

2016; Escarcega et al., 2023). 

In sensitive cell types such as neurons, this disruption fails 

to provide protection. Instead, it interferes with DNA-

dependent signaling pathways, increasing DNA damage, 

impairing transcription, and triggering neurotoxicity 

(Escarcega et al., 2023). To address this, Dsup could be 

redesigned in principle as a human-adapted variant that 

preserves DNA protection while limiting interference with 

chromatin structure. Modifying its mRNA sequence may 

also reduce harmful condensation and enable targeted 

delivery within the cell, potentially extending protection 

beyond the nucleus and providing a broader theoretical 

basis for defense against hydroxyl radical-induced damage. 

Experimental Framework 

mRNA Design and Lipid Nanoparticle Delivery 

mRNA-encapsulated lipid nanoparticles (LNPs) allow the 

delivery of engineered Dsup variants to neurons, reducing 

neurotoxicity and allowing targeting of precise organelles 

(Torkzaban et al., 2025). 

Experimental Protocol and Molecular Design 

Transient, Non-Genomic Delivery Method 

The delivery of the modified Dsup variant into human 

neurons uses a transient, non-genomic method based on 

synthetic messenger RNA (mRNA). This method avoids 

permanent genomic integration by applying controlled in 

vitro transcription (IVT), which enables temporary 

expression and is generally considered safer for early-stage 

molecular testing (Sahin et al., 2014). Because mRNA 

delivery is non-integrative, the protective effects of the 

modified protein can be evaluated without altering the 

cell’s native DNA. 

Structural Engineering of the Damage Suppressor 

Protein 

The native Dsup protein from Ramazzottius varieornatus 

binds to nucleosomes to shield DNA, but in human neurons 

it can trigger chromatin condensation and DNA damage 

(Chavez et al., 2019; Escarcega et al., 2023). To counter 

these effects, the C-terminal region of the native R. 

varieornatus Dsup protein is modified to reduce its positive 

charge density. This is achieved by identifying highly basic 

clusters of lysine (𝐾) and arginine (𝑅) residues and 

substituting them with neutral amino acids, such as alanine 

(𝐴) or serine (𝑆) via site-directed mutagenesis of the 

template DNA (Urabe et al., 1999). This reduction in 

alkalinity limits the electrostatic binding to the negatively 

charged DNA backbone that otherwise drives chromatin 

condensation. 

To ensure protection across organelles, this framework 

suggests delivering two separate mRNAs: one encoding a 

Nuclear-Targeted Dsup with a C-terminal Nuclear 

Localization Signal (NLS) to protect genomic DNA, and 

another encoding a Mitochondrial-Targeted Dsup with an 

N-terminal Mitochondrial Targeting Signal (MTS) to 

protect mitochondrial DNA (mtDNA) and reduce ROS-

related cell damage. Using two mRNAs avoids competition 

between targeting signals that could happen with a single 

protein, allowing both versions to work efficiently in their 

respective organelles (Chavez et al., 2019). 

Synthetic mRNA Optimization 

During the IVT process, the synthetic mRNA incorporates 

𝑁1-methylpseudouridine (𝑚1𝜓) to increase translational 

efficiency. This modification significantly reduces the 
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activation of Toll-like receptors (TLR7/8), minimizing the 

risk of an innate immune response in sensitive neuronal 

tissues (Sahin et al., 2014; Ho et al., 2024). These 

optimizations enhance both the stability and compatibility 

of the engineered transcript. 

Lipid Nanoparticle Formulation and Brain Delivery 

The modified mRNA is encapsulated in ionizable lipid 

nanoparticles (LNPs) to prevent degradation and facilitate 

cellular uptake. Surface ligand functionalization using 

Apolipoprotein E (ApoE) or transferrin enables receptor-

mediated transcytosis across the blood-brain barrier, 

allowing efficient neuronal delivery (Hou et al., 2021; 

Topal et al., 2020). Alternatively, intranasal administration 

through olfactory and trigeminal pathways provides non-

invasive access to the brain (Li et al., 2025). 

Validation in Neurons  

Evaluation of the modified construct occurs in induced 

pluripotent stem cell (iPSC)-derived human neurons. 

Successful expression would be defined as a reduction in 

the DNA double-strand break marker 𝛾𝐻2𝐴𝑋 following 

oxidative stress, with no evidence of chromatin 

condensation or reduced transcriptional accessibility 

(Escarcega et al., 2023; Kinner et al., 2008). 

Expected Outcome 

The modified Dsup variant is expected in principle to 

reduce oxidative DNA damage in human neurons without 

inducing chromatin condensation or transcriptional 

disruption. In iPSC-derived neuronal models, expression of 

the charge-reduced variant is hypothesized to result in 

lower 𝛾𝐻2𝐴𝑋 foci following oxidative stress, indicating 

enhanced genomic stability through a non-toxic physical 

shield. The dual-mRNA targeting strategy is expected to 

provide a measurable advantage over native Dsup by 

protecting both the nuclear and mitochondrial genomes. 

Mitochondrial targeting may additionally decrease reactive 

oxygen species leakage and prevent the initiation of 

mitochondrial-dependent apoptosis. Overall, such findings 

would help validate a human-compatible, mRNA-

delivered Dsup as a conceptual candidate strategy for 

addressing oxidative stress-related neurological disorders. 

Conclusion 

This research proposes a modified, human-adapted variant 

of the tardigrade Damage Suppressor (Dsup) protein as a 

novel theoretical approach to mitigate oxidative DNA 

damage underlying PTSD and Alzheimer’s disease. By 

employing synthetic mRNA delivery and targeted charged-

to-alanine mutagenesis, the redesigned Dsup aims to 

preserve genomic stability without disrupting the 3D 

chromatin architecture essential for neuronal health. The 

integration of distinct nuclear and mitochondrial targeting 

sequences via a co-delivery mRNA platform enhances 

protection across key neuronal organelles, while lipid 

nanoparticle functionalization ensures accessibility across 

the blood-brain barrier. 

Collectively, this work outlines a feasible conceptual 

strategy for translating extremophile-derived resilience 

mechanisms into human neuroprotection. While further 

validation would be required to confirm long-term safety 

and efficacy, the framework establishes a conceptual 

foundation for future therapies for oxidative stress in 

neurodegenerative and trauma-related disorders. Since this 

framework modifies neuronal DNA damage responses and 

mitochondrial function, any future experimental 

application would need thorough ethical and safety review 

in preclinical models. 
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Banana Peel-Based Bioplastics: 

Combating Plastic Pollution and 

Food Waste Simultaneously 
Maya Kaci, Lama Abdelmaged, Nadira Zibirov 

Abstract – The overproduction and mismanagement of plastics, coupled with increasing food waste, have created severe 

environmental and health challenges, including ocean pollution, microplastic contamination, and elevated carbon emissions. 

Banana peels, a high-starch by-product of one of the world’s most consumed fruits, present a sustainable raw material for 

bioplastic production. In this study, banana peel starch was extracted and combined with glycerol as a plasticizer to produce 

biodegradable films with enhanced flexibility and strength. The preparation involved acid treatment, glycerol addition, pH 

adjustment, casting, and drying to obtain functional bioplastic films. This approach not only reduces agricultural waste but also 

provides an eco-friendly alternative to conventional plastics, addressing both plastic pollution and food waste issues. The 

resulting banana peel-based bioplastics demonstrate promising mechanical properties, highlighting their potential for 

sustainable applications in packaging and other industries.

Introduction 

We became immortal through plastic, one of humankind’s 

biggest dreams came true and this long desired immortality is 

the cause of our ecosystem’s downfall [1]. More than 430 

million tons of plastic were produced in 2024, from which 11 

million metric tons of plastic entered our oceans. According 

to Nicola Simpson, head of the United Nations Development 

Programme’s Barbados and Eastern Caribbean Blue 

Economy Accelerator Lab: “there will be more plastic than 

fish in the ocean by mid-century” [2].  

The UNEP estimates that plastic production, use, and disposal 

will account for 19% of the total global carbon budget by 

2040. It is also the cause of multiple diseases. According to 

Augustina Besada, co-founder and CEO of Unplastify, an 

organization committed to ending plastic pollution, some of 

the microplastics, despite being tiny in size, “have been linked 

to possibly being cancerous.” More than 900 health 

professionals and medical associations confirm that statement 

[2]. 

Little Wonder OXFAM called the COVID-19 pandemic “the 

hunger virus.” This era has been marked by food waste that 

probably played a role in our climate crises. Additionally, 

Thomson Reuters Foundation warned in 2018 that “due to the 

increase in the world population and changing habits in the 

developing nations, food waste could rise by almost a third by 

2030 when more than 2 billion tons of food will be thrown 

away” [3]. 

This crisis stems from our excessive consumption of plastic, 

its harmful impact on the climate, and its significant 

contribution to the growing levels of pollution. At the same 

time, food waste has increased each year, particularly since 

the global pandemic, which forced many of us to remain at 

home and consume more than necessary. Together, these 

issues demand urgent action and sustainable solutions to 

reduce the ecological problems our world is facing. If we fail 

to respond, future generations may no longer be able to live 

in the world as we once knew it.  

Bananas are the fourth most important commodity after rice, 

wheat, and maize. India leads global production, averaging 

approximately 29.78 million tons from an area of 0.83 million 

ha. The peels, a major by-product of banana processing, 
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contain a high starch content (20-39%), making them a 

valuable raw material for various industrial uses, including 

biofuels, biosorbents, and bioplastics (Ravi and Mustaff, 

2013) [4]. Banana peel waste amounts reach approximately 

3.5 million tons annually and can take two years to biodegrade 

[5]. 

Glycerol is commonly used as a plasticizer because of its 

strong compatibility and hydrophilic nature that helps 

biofilms reduce their rigidity and achieve great flexibility and 

elasticity [6]. 

In our experiment, building on the role of glycerol, we will 

incorporate it into banana peel starch to produce a bioplastic 

film with improved flexibility and strength. This approach 

allows us to transform banana waste into a functional, 

biodegradable material, directly addressing plastic pollution 

and food waste problems. 

Materials and Method 

Preparation of Raw Materials 

Banana peels were collected from fresh bananas and washed 

thoroughly with water to remove dirt and residues. The peels 

were cut into small pieces to increase surface area and blended 

with an appropriate amount of distilled water until a smooth 

paste was obtained. 

 

Figure 1. Banana peels cut into small pieces prior to blending. 

 

Figure 2. Banana peels after being blended, forming a smooth paste. 

Preparation of Bioplastic 

15 g of banana peel paste was weighed and placed in a 400 

mL beaker. 15 mL of 0.1 M hydrochloric acid (HCl) was 

measured using a graduated cylinder, added to the beaker, and 

stirred with a glass stirring rod. Approximately 3 mL of 

glycerol, used as a plasticizer, was added and stirred to 

improve elasticity, followed by 10 mL of 0.1 M sodium 

hydroxide (NaOH). Additionally, 9 mL of cornstarch mixed 

with 6 mL of distilled water was added to the beaker to reduce 

dryness. The mixture was stirred thoroughly and spread on 

parchment paper placed on a watch glass. It was then heated 

in an oven at 150 °C for 45 minutes. After removal from the 

oven, the bioplastic was left to dry at room temperature for 24 

hours. 
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Figure 3. Mixture of banana peel paste, HCl, glycerol, NaOH, and 

cornstarch stirred in a 400 mL beaker. 

 

Figure 4. Prepared mixture spread evenly onto paper placed on a 

watch glass. 

 

Figure 5. Banana peel paste mixture heated in an oven at 150°C for 

45 minutes. 

 

Figure 6. Fully dried banana peel-based bioplastic after 24 hours. 
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Microscopic View of Bioplastic

 

Figure 7. Microscopic View of Bioplastic.

Solubility Test

The solubility test was performed by placing samples of 

banana peel-starch composite bioplastic in various 

solvents. To assess chemical stability in different 

environments, the selected solvents were 5% distilled 

white vinegar, a diluted acetic acid (CH3COOH) solution 

with an approximate pH of 2.4 as an acidic medium, tap 

water as a neutral medium, and nail polish remover 

containing acetone (CH3COCH3) as an organic solvent. 

Each batch was covered with polystyrene film to prevent 

evaporation and contamination, and changes were recorded 

after 24 hours. 

Heat Resistance Test 

To determine thermal stability, a sample of bioplastic on an 

aluminum sheet was placed on a hot plate. The heat setting 

was gradually increased every 10 minutes. Approximate 

temperatures were measured with a thermometer, and 

significant observations were recorded at temperatures 

below 50°C, between 70°C and 80°C, and between 90°C 

and 100°C. 

 

Flexibility and Elongation Test 

A strip of banana peel-starch composite bioplastic was 

measured and its initial length recorded. The strip was then 

stretched to its maximum capacity, and the final length was 

measured to evaluate the bioplastic’s elongation. The 

flexibility test was conducted by bending and twisting a 

separate strip of bioplastic, and any visible damage was 

noted. 

Results 

Chemical Stability 

The solubility of each sample differed depending on the 

solvent. In water, the bioplastic was completely insoluble. 

In an acidic solution such as 5% white vinegar, the 

bioplastic dissolved significantly over a period of 24 hours. 

In nail polish remover containing acetone, an organic 

solution, the sample was only partially soluble, having 

preserved most of its shape at the core while dissolving at 

the edges. 
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Thermal Stability 

Hot 

Plate 

Setting 

Level 2 Level 5 Level 8 

Tempe-

ratures 

Below 

50˚C 

At 70-80˚C At 90-100˚C 

Obser-

vation 

No visible 

changes 

Formation of 

surface 

bubbles 

Visible 

deformation, 

significant 

darkening 

Figure 8. The table represents the observed thermal resistance of 

banana peel bioplastic heated on a hot plate at varying 

temperatures for 10 minutes per setting. 

Noticeable changes were observed in the bioplastic as the 

temperature increased. As shown in Figure 8, at 

temperatures below 50˚C, no changes in colour, texture, or 

shape were observed. Between 70°C and 80°C, bubbles 

began forming on the surface of the bioplastic. Near 100°C, 

the sample exhibited visible deformation as well as 

pronounced darkening. 

Elongation and Flexibility 

The banana peel bioplastic displayed limited elongation, 

breaking under minimal pulling force. However, it 

demonstrated significant flexibility, as it could be bent and 

twisted without visible breakage. 

Discussion 

Solubility Test 

The bioplastic was cut into pieces and immersed for 24 

hours in different solutions, such as water, white vinegar, 

and acetone. Solubility plays a crucial role in biomaterials 

for the making of bioplastics. Since the main components 

of banana peel-starch composite bioplastic are starch, 

plasticizers, cellulose fibers, and glycerol, they all interact 

differently with polar and organic solvents.  

The sample was insoluble in water, demonstrating how the 

starch molecules hydrogen bond together, creating a semi-

cross-linked structure that prevents the water from 

penetrating through. This is an important property because 

bioplastics that are dissolvable in water are not suitable for 

practical applications.  

The sample was soluble in 5% white vinegar, as it 

significantly dissolved in it. Vinegar is an acidic aqueous 

solution containing acetic acid that weakens the hydrogen 

bonds between these starch molecules. It could also break 

down the pectin and starch in the banana peels, increasing 

their solubility.  

The sample was partially soluble in acetone, an organic 

solvent, by only dissolving the edges of the bioplastic 

sample, while the inner part remained intact. This is most 

likely due to the glycerol molecules being more exposed 

and easily extracted by this solvent at the edges, while the 

inner part is less accessible. Acetone doesn’t interact as 

strongly with starch and cellulose, which are hydrophilic 

polymers. 

Heat Test 

The heat test results illustrate that the banana peel-starch 

composite bioplastic has moderate thermal resistance and 

starts to degrade once the temperature increases.  

Below 50°C, there were no visible changes observed, 

suggesting that the structure remained stable at low 

temperatures. This stability is due to hydrogen-bonded 

molecules. These molecular bonds were not disrupted 

enough to cause structural changes.  

At 70°C - 80°C, the formation of surface bubbles was 

observed. As the temperature increases, some of the 

moisture is trapped within the bioplastic vaporizes, 

creating these bubbles on the surface. This indicates that 

the material is not fully heat-resistant, which is typical for 

starch-based bioplastics.  

At 90–100°C, the sample showed visible deformation and 

darkening. This suggests that the heat weakened the 

intermolecular hydrogen bonds, causing the material to 

soften and lose its shape. This demonstrates that bioplastics 

have a lower thermal tolerance compared to conventional 

petroleum-based plastics, which are heat insulators and 

minimize heat transfer in various applications [7]. 
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Flexibility Test 

This low elongation and high flexibility of the bioplastic 

suggest that it may be suitable for practical applications 

that require bending, such as biodegradable films or 

flexible packaging, but may not be ideal for other 

applications that require high mechanical strength or 

stretching resistance.  

Furthermore, a key challenge in producing bioplastics from 

banana peels is maintaining consistent product quality. 

Since banana peels differ naturally in chemical 

composition and moisture content, it is difficult to establish 

the ideal conditions for transforming them into plastic. To 

improve the extraction and production quality of banana-

derived cellulose, researchers have found that many 

aspects must be controlled. For instance, higher cellulose 

crystallinity allows us to achieve a stronger and more 

ordered internal structure, enhancing bioplastic toughness. 

Also, alkaline treatment showed improved bonding with 

the material of the bioplastic, by getting rid of impurities 

like lignin and hemicellulose, making a more porous 

surface [8]. This can influence flexibility, mechanical 

strength, and even biodegradability. Moreover, two 

different samples were made, with different amounts of the 

used substances. The left sample shown in Figure 7 

illustrates how the bioplastic made with no cornstarch and 

less glycerol looked under a microscope. It can be observed 

that the banana peels are closer to one another, reducing the 

flexibility of the sample. This sample was not flexible and 

felt mostly like paper. The right of Figure 7 shows the 

sample made with cornstarch and a higher amount of 

glycerol, where the sample had a more plastic feel to it. 

Therefore, it is important to optimize processing and 

pretreatment methods to synthesize more high-quality and 

reliable bioplastics. Note that bioplastic can also be made 

from other kinds of food waste, such as potato peels and 

orange peels [9]. 

Conclusion 

This study successfully demonstrated the synthesis of 

bioplastics from banana peels, transforming food waste 

into a sustainable alternative to conventional plastics. 

Conventional plastics are used widely because of their low 

cost, water resistance, and availability, but they are made 

from fossil fuels, are non-biodegradable, and have led to 

severe environmental problems, including plastic 

pollution, loss of biodiversity, and increased greenhouse 

gas emissions contributing to global warming. 

Banana peels provide an eco-friendly material for 

bioplastic production. In this study, banana peel paste was 

mixed with glycerol, NaOH, HCl, and cornstarch to form a 

bioplastic that was tested for solubility, thermal resistance, 

flexibility, and elongation to assess its properties. The 

bioplastic was water-resistant but soluble in acidic 

conditions, partially soluble in organic solvents, thermally 

stable at low temperatures, and flexible despite limited 

elongation. These results indicate that banana peel starch 

composite bioplastics have promising properties for 

applications such as biodegradable films and flexible 

packaging, while remaining environmentally safe and 

degradable. 

Overall, the study shows that banana peel starch composite 

bioplastics can reduce reliance on conventional plastics, 

decrease environmental pollution, and valorize food waste. 

This approach offers a practical and sustainable solution to 

the global challenges of plastic pollution and food waste 

management. 
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Impact of Coefficient of Kinetic 

Friction on the Distances 

Traveled by a Coin Stack 
Lina Berima, Vanessa Charles 

Abstract – This experiment investigates the relationship between the ratio of distances traveled by stacked coins upon an 

inflicted uniform horizontal push and the coefficient of kinetic friction of the coins in contact with different surfaces.  

Introduction 

The behaviour of a stack of coins when treated with an 

external force provides an opportunity to study friction and 

motion in a multi-body system. The objective of this 

experiment is to calculate the ratio of the distances 

travelled between the first and second coin, starting from 

the bottom, and the second and third coins in a stack of 

three identical coins, following a uniform horizontal push. 

In fact, we seek to study how these ratios are influenced by 

the coefficient of kinetic friction, which will differ across 

various surface types: soft wood, rough wood and standard 

bathtub enclosure.  

Our hypothesis is that the ratio of the distances travelled of 

coin 1 in relation to coin 2 and the distances travelled of 

coin 2 in relation to coin 3 will be inversely proportional to 

the coefficient of friction between the coin and the surface. 

The coefficient of kinetic friction is known as the ratio of 

the kinetic friction force to the normal force. It varies due 

to the nature of both surfaces when they rub against each 

other [1]. 

In order to calculate the coefficient of kinetic friction of the 

chosen surface, we use Newton’s second law: 

 𝐹𝑛𝑒𝑡 = 𝑚𝑎 (1) 

Where 𝐹𝑛𝑒𝑡 , 𝑚 and 𝑎 respectively correspond to the net 

force in newtons, which would be the kinetic friction force 

between the coin and the chosen surface in our case, the 

mass of the coin in kilograms and the acceleration of the 

coin in meters per second squared [2]. Therefore, when a 

coin slides on a surface until it’s at rest, the value of the 

kinetic friction force can be calculated using its mass and 

acceleration. 

Then, we use the formula of the kinetic friction to find the 

coefficient of kinetic friction: 

 𝐹𝑘 = 𝜇𝑘𝑛 (2) 

Where 𝐹𝑘, 𝜇𝑘 and 𝑛 respectively correspond to the kinetic 

friction force in newtons, the coefficient of kinetic friction, 

and the normal force in newtons [3].  

Experimental Setup 

The raw data in this experiment corresponds to the 

acceleration of a coin on a surface as well as the distance 

between coin 1 in relation to coin 2 and the distance 

between coin 2 in relation to coin 3 from the launch of the 

stacked pile of coins.  

How to Find the Acceleration of One Coin 

To find the acceleration of a single coin on a horizontal 

surface, we recorded a video where one was being pushed 

by a wooden plate on a chosen surface with a ruler as a 

reference point. This video was then imported on a 

software called Tracker, which enabled us to track the 

movement of our coin [4] (Refer to Figure 2).  
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After uploading the recording, we set up an axis on the coin 

to follow its movement at every moment. Furthermore, we 

used the calibration stick tool to create a reference frame 

on the ruler, measuring it from the position of the coin 

where the wooden plate wasn’t pushing it anymore (i.e. 

wasn’t in contact with it) to the end of the ruler. Then, using 

the software, we tracked the position of the coin from that 

moment until the coin stopped sliding.  

Tracker generated a graph of velocity versus time (refer to 

Figure 1.) as well as its equation in a linear format (𝑦 =

𝑎𝑥 + 𝑏). It is indeed a linear relationship because the 

acceleration of the coin is constant. Finally, by deriving it, 

we found the value of 𝑎 as our acceleration and repeated 

the process twenty-five times on each different surface. 

How to Find the Distance Between Each Stacked 

Coin 

To find the distances between the coins, we applied a 

uniform push using a wooden plate to a stack of three coins 

that were identified with colors (the one on the bottom was 

red (1), the one in the middle blue (2), the one above, green 

(3) (refer to Figure 3).  

Then, when they all stopped sliding, we measured the 

distance between each coin, specifically 1 to 2 and 2 to 3, 

by placing a ruler, ensuring that both ends (i.e. the first end 

starting at the zero millimeter mark) were in the middle of 

each coin. 

 

Figure 1. Velocity vs time graph generated on Tracker. 

 

 

Figure 2. Preview of the software Tracker with a video template 

and frame of reference. 

 

Figure 3. Illustration of the stack of coins sliding and the setup 

used to measure the distance. 

Data and Analysis 

During the experiment, we recorded twenty-five times the 

acceleration of one coin on 3 different surfaces using the 

same coin as the ones that were stacked. We then calculated 

the coefficient of kinetic friction on each medium with the 

help of the data collected.   

We also recorded the distance between coins 1 and 2, and 

the distance between coins 2 and 3 when the 3 stacked 

coins were uniformly pushed on one surface. We did this 

process twenty-five times for each surface. Then, to find 
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the ratio of the coins, we divided the distance between 

coins 1 and 2 by the distance between coins 2 to 3. 

Coefficient of Kinetic Friction 

Table 1 represents all the data collected on the first surface 

which was a soft wooden desk.  

 

Trial 

α (m/s²) 

±0.12 

μk ±0.013 

1 -1.66 0.169 

2 -1.69 0.172 

3 -1.69 0.172 

4 -1.87 0.191 

5 -1.75 0.179 

6 -1.75 0.179 

7 -1.88 0.192 

8 -3.19 0.326 

9 -2.08 0.212 

10 -2.03 0.207 

11 -1.82 0.186 

12 -1.91 0.195 

13 -1.89 0.193 

14 -1.68 0.171 

15 -1.72 0.176 

16 -2.05 0.209 

17 -1.68 0.171 

18 -1.82 0.186 

19 -2.24 0.229 

20 -2.10 0.214 

21 -1.83 0.187 

22 -2.06 0.210 

23 -2.10 0.214 

24 -1.77 0.181 

25 -1.82 0.186 

Average: -1.92 0.196 

Table 1. Acceleration (a) in m/s² and coefficient of kinetic 

friction (𝜇𝑘) of a coin on a soft wood surface with 

uncertainties included. 

The same tables for the other two different surfaces, rough 

wood and standard bathtub enclosure, can be found in the 

Appendix. 

Then, to find the coefficient of kinetic friction, we analyzed 

the forces acting on the coin during each of our trials. As 

mentioned earlier, we started by pushing a coin on a chosen 

surface until it slid, making sure the object that caused it to 

move was no longer physically in contact with it.  

 

Figure 4. Free body diagram of a coin sliding on a surface once 

the object that caused it to move is no longer in contact with it. 

At that moment, we could conclude that the only forces 

acting on the coin were the kinetic friction, which causes 

the coin to eventually come to a stop, the normal force, and 

the force due to gravity, which cancel each other out due to 

them having the same magnitude but opposite signs, and 

being on the same axis on a flat surface (Refer to Figure 4).  

This means that the sum of forces on the x-axis, which only 

contains the kinetic friction force, according to Newton’s 

second law, will be equal to the product of the mass and the 

acceleration of the coin. To find the coefficient of kinetic 

friction, we take the absolute value (since the coefficient 

can’t be lower than zero) of the product of the mass and 

acceleration divided by the normal force, which is equal to 

the gravitational pull of the Earth times the mass of the coin 

in kilograms. We can then find that the coefficient of 

kinetic friction between a horizontal surface and a sliding 

coin is: 

 𝜇𝑘 = |
𝑎

𝑔
| (3) 

where 𝜇𝑘 , 𝑎 and 𝑔 respectively correspond to the 

coefficient of kinetic friction, the acceleration of the coin 

in meters per second squared, and the acceleration due to 

Earth’s gravity. This equation represents the kinetic 

friction force divided by the normal force. Therefore, we 

only need to find the acceleration of the coin and then 

divide it by the gravitational pull of the earth, which is 9.80 

m/s² [5]. 
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Uncertainties on the Coefficient of Kinetic 

Friction 

To find the uncertainty of the coefficient, we started by 

calculating the average, also known as the mean, of the 

acceleration points we collected. After, we calculated their 

standard deviation with the following formula, 

 𝑠𝑥 = √
∑(𝑥 − 𝑥̅)2

(𝑛 − 1)
 (5) 

given by the Excel function “=STDEV.S” to see the 

likelihood of the next measurement in relation to the mean 

[6]. Then, we calculated the standard deviation of the 

mean, which is equal to the standard deviation divided by 

the square root of the number of values collected, which 

was 25 in our case, with the formula 

 𝑠𝑥̅ =
𝑠𝑥

√𝑛
 (6) 

To find the uncertainty of the coefficient, we started by 

calculating the average, also known as the mean, of the 

acceleration points we collected. After, we calculated their 

standard deviation of the mean with equation (6) [7]. By 

multiplying the standard deviation of the mean by two, we 

found the uncertainty of the acceleration for a 95% 

confidence interval which was ±0.12 m/s² for soft wood; 

±0.2 m/s² for rough wood and ±0.16 m/s² for standard 

bathtub enclosure.  

Something important to address is the systematic 

uncertainty on the acceleration. Due to the way the data 

points were collected, the uncertainty corresponds to the 

change brought by every different trial and video, meaning 

it’s not necessarily the way the application Tracker itself 

measured. We decided not to take it into account since the 

change wouldn’t make any significant difference based on 

our inspection. Also, the reference frame on Tracker 

could've been a source of systematic uncertainty but is 

negligible.  

After finding the uncertainty of the acceleration, we 

applied the propagation of uncertainties formula to find the 

absolute uncertainty on the coefficient of kinetic friction. 

We will use equation (4) to do so. As it is a division, we 

used the following formula to find the relative uncertainty: 

 
𝛿𝑎

|𝑎|
+

𝛿𝑔

|𝑔|
 (7) 

where  𝛿𝑎 and 𝛿𝑔 are respectively equal to the 

uncertainties on the acceleration, and the uncertainties on 

the acceleration due to gravity; 𝑎 and 𝑔 are respectively 

equal to the average acceleration on one surface, and the 

acceleration due to gravity. Also, note that we assumed that 

the uncertainty on the acceleration due to gravity was equal 

to ±0.01 m/s² based on standard ruling [8]. Ultimately, we 

multiplied the value obtained by the average 𝜇𝑘 which 

resulted in the absolute uncertainty on the coefficient of 

kinetic friction which was, respectively for each surface, 

±0.013 for soft wood; ±0.02 for rough wood and ±0.02 for 

standard bathtub enclosure.  

Soft Wood  

𝜇𝑘 

±0.013 

Rough Wood  

𝜇𝑘 

±0.02 

Bathtub 

Enclosure  

𝜇𝑘 

±0.02 

0.196 0.25 0.34 

Table 2: Coefficient of kinetic friction (𝜇𝑘) as well as their 

uncertainty for the three surfaces used during the 

experiment.  

Ratios of Distances Travelled 

Table 2 shows the 25 different values of both distances 

recorded on the soft wood surface which corresponds to a 

desk in that case, and the ratio of these distances. 
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Table 3: Distance between coins 1 and 2 (𝑑1 𝑡𝑜 2), distance 

between coins 2 and 3 (𝑑2 𝑡𝑜 3), and the ratio of the distance 

of each trial after pushing horizontally and uniformly the 3 

stacked coins on the soft wood surface.  

The same tables for the two other different surfaces, rough 

wood and standard bathtub enclosure, can be found in the 

Appendix section. 

Uncertainties on the Ratio of the Distance 

Travelled Between the Coins 

The uncertainty for the distances between coins 1 and 2 and 

distances between coins 2 and 3 corresponds to the smallest 

value on the ruler used, which was 0.001 meters. It is also 

equal to the systematic uncertainty. The way we collected 

this data makes us unable to use the standard deviation 

formula since the data points were not continuous. We then 

propagated these uncertainties on the ratio with the help of 

the formula 

 
𝛿𝑑1

|𝑑1|
+

𝛿𝑑2

|𝑑2|
 (7) 

where 𝑑1 is equal to the average distance between coin 1 

and 2; 𝑑2 is equal to the average distance between coin 2 

and 3, and 𝛿𝑑1 and 𝛿𝑑2 represent the uncertainty on each, 

to determine the relative uncertainty. To find the absolute 

uncertainty, hence the systematic uncertainty, we 

multiplied the previous value by the average ratio [9].  

Next, to find the statistical uncertainty on the ratio, we used 

the same method previously shown when finding the 

statistical uncertainty on the acceleration. We calculated 

the mean and then determined the standard deviation with 

equation (5) and found the standard deviation of the mean 

using equation (6).  By multiplying the standard deviation 

of the mean by two, we found the statistical uncertainty of 

the ratio. 

Finally, we found the complete uncertainty by using the 

following formula 

 𝛿𝐴 = √𝛿𝑡2 + 𝛿𝑦2 (8) 

where 𝛿𝐴 is the total uncertainty, 𝛿𝑡 is the statistical 

uncertainty, and 𝛿𝐴 is the systematic uncertainty [10].  

We determined that, for each respective surface, the 

uncertainty on the ratio was ±0.09 m for soft wood, ±0.06 

m for rough wood, and ±0.04 m for standard bathtub 

enclosure. 

After gathering our data and doing all the necessary 

calculations, we plotted a graph to determine the 

relationship between the ratios and coefficients of friction 

of each respective surface. We obtained the following 

graph consisting of 3 data points: 

Trial 𝑑1 𝑡𝑜 2 

(m) 

±0.001 

𝑑2 𝑡𝑜 3 

(m) 

±0.001 

Ratio of 

Distances 

±0.09 

1 0.055 0.060 0.92 

2 0.060 0.080 0.75 

3 0.075 0.070 1.07 

4 0.085 0.110 0.77 

5 0.060 0.135 0.44 

6 0.085 0.147 0.58 

7 0.101 0.111 0.91 

8 0.080 0.115 0.70 

9 0.072 0.072 1.00 

10 0.040 0.066 0.61 

11 0.084 0.070 1.20 

12 0.067 0.070 0.96 

13 0.074 0.103 0.72 

14 0.077 0.060 1.28 

15 0.083 0.125 0.66 

16 0.059 0.100 0.59 

17 0.075 0.090 0.83 

18 0.110 0.095 1.16 

19 0.065 0.095 0.68 

20 0.075 0.100 0.75 

21 0.080 0.095 0.84 

22 0.070 0.112 0.63 

23 0.086 0.086 1.00 

24 0.080 0.070 1.14 

25 0.080 0.110 0.73 

Average: 0.075 0.094 0.84 
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Figure 4. The ratio of distances with respect to the coefficient of 

kinetic friction with error bars included for the three surfaces. 

Conclusion and Discussion 

In conclusion, when analyzing the graph, we can see that 

the average data points correspond to the following 

relationship: when the coefficient of kinetic friction 

increases, the ratio of distance decreases. However, we are 

unable to precisely determine the nature of the relationship, 

meaning if it is linear, inversely proportional, etc. due to 

the lack of data points. Therefore, we cannot fully state that 

our hypothesis was correct or wrong and would need more 

data points to have more accuracy. Furthermore, the 

number of data points was not the only reason we were 

unable to state that our hypothesis was correct. Indeed, 

when taking into account the uncertainties, the relationship 

previously stated isn’t accurate anymore. In fact, the points 

can align in a constant fashion or even be scattered 

randomly on the intervals created by the uncertainties. 

Hence, we cannot state that the data completely 

corresponds to the hypothesis because of the lack of 

precision and correlation. Due to the error bars, notably on 

the ratio of distances, there is a big range of data possible 

for each point which makes it highly possible that the three 

points follow entirely different relationships and trends.  

Therefore, it is still possible that our hypothesis is correct, 

which is that the ratio of the distance of the coins 1 to 2 and 

the distance of coins 2 to 3 will be inversely proportional 

to the coefficient of friction between a coin and a surface. 

It is also possible that the relationship studied is different 

and follows another trendline, such as linear one or even 

that there is no relationship to begin with. Therefore, we 

cannot say anything about the nature of that relationship for 

now. 

During the experiment, there were many external sources 

of error or measuring methods that we didn’t take into 

account and that could have influenced our results 

significantly.  

In fact, one of the limitations we encountered in the 

experiment was that we had to manually track the position 

of the coin on the software Tracker. Despite tracking it 

multiple times for many frames, the fact that it was done 

manually removed precision in the tracking and therefore 

influenced all the values generated based on it. It’s 

probable that some acceleration values during a few trials 

were not accurate, influencing the average acceleration 

found for the surfaces which would in turn change the 

value of the kinetic friction and then the coefficient of 

kinetic friction. Furthermore, this inaccuracy could’ve also 

influenced the statistical uncertainty on the acceleration, as 

the data could’ve become more scattered, increasing the 

standard deviation, hence the statistical uncertainty 

In addition, when measuring the distances by pushing a 

stack of 3 coins, the patterns were somewhat irregular, as 

the distance between 1 and 2 was sometimes larger or 

smaller than the distance between 2 and 3, and vice-versa. 

These significantly different distances caused the ratios to 

be extremely different from one another, scattering their 

values even more, hence the increased standard deviation 

on the ratio and, consequently, the statistical uncertainty on 

the ratio. We are not certain what caused these 

irregularities related to the distance since we made sure to 

push the stack of coins uniformly with a wooden plank. 

However, we think that one of the main reasons could have 

been that since we actively pushed said plank while 

holding its edge with our fingers, it is possible that the force 

wasn’t uniformly distributed on said object and by default, 

on the coins. We held the plank from its top, which 

could’ve created a slight angle, either forward or backward, 

on the vertical axis during the motion. Therefore, 

depending on the orientation of the plank, the coins on top 

or on the bottom could’ve received more force or less force, 

hence sliding further or lesser. 

Another relevant point to address is the initial assumption 

that the velocity wasn’t going to affect the ratio. Under 
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normal circumstances, meaning when the coins are pushed 

by a force applied uniformly on the stack, that assumption 

could be true since the initial velocity would technically be 

the same for all the coins, making them slide in a 

continuous manner, meaning the ratios would be somewhat 

the same and its uncertainty lower. However, as mentioned 

earlier, in our case, the coins could’ve not been pushed 

uniformly, which could’ve caused the initial velocity to 

differ per coin and make our distances discontinuous, 

meaning the values of the ratios were extremely different, 

making their values more scattered and increasing the 

standard deviation on the ratio, hence the statistical 

uncertainty. This would explain why we got such high 

uncertainties that made us unable to determine any 

concrete relationship with the ratio. 
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Appendix 
 

Trial α (m/s²) 

±0.2 

𝝁𝒌 ±0.02 

 

1 -1.7 0.17 

2 -2.0 0.20 

3 -2.2 0.22 

4 -2.2 0.22 

5 -2.2 0.22 

6 -2.3 0.24 

7 -2.2 0.22 

8 -4.6 0.47 

9 -2.3 0.24 

10 -2.3 0.23 

11 -2.0 0.21 

12 -2.4 0.25 

13 -2.5 0.26 

14 -2.6 0.27 

15 -2.4 0.24 

16 -2.5 0.25 

17 -2.3 0.23 

18 -2.4 0.25 

19 -2.4 0.25 

20 -2.4 0.24 

21 -2.6 0.26 

22 -2.6 0.26 

23 -2.5 0.25 

24 -2.4 0.25 

25 -2.8 0.28 

Average: -2.4 0.25 

Table 4. Acceleration (α) in m/s² and coefficient of kinetic 

friction (𝜇𝑘) of a coin on a rough wood (floor) surface. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Trial α (m/s²) 

±0.16 

𝝁𝒌 ±0.02 

 

1 -2.69 0.27 

2 -2.88 0.29 

3 -2.81 0.29 

4 -3.10 0.32 

5 -2.92 0.30 

6 -3.07 0.31 

7 -3.27 0.33 

8 -4.57 0.47 

9 -3.15 0.32 

10 -3.34 0.34 

11 -3.17 0.32 

12 -2.99 0.31 

13 -3.85 0.39 

14 -3.19 0.33 

15 -3.28 0.33 

16 -3.62 0.37 

17 -3.55 0.36 

18 -3.15 0.32 

19 -3.50 0.36 

20 -3.57 0.36 

21 -3.52 0.36 

22 -3.22 0.33 

23 -3.61 0.37 

24 -3.51 0.36 

25 -3.52 0.36 

Average: -3.32 0.34 

Table 5. Acceleration (α)  in m/s² and coefficient of kinetic 

friction (𝜇𝑘) of a coin on a rough wood (floor) surface 
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Trial 

𝑑1 𝑡𝑜 2 

(m) 

±0.001 

𝑑2 𝑡𝑜 3 

(m) 

±0.001 

Ratio 

Distance 

±0.06 

1 0.060 0.075 0.80 

2 0.060 0.050 1.20 

3 0.065 0.100 0.65 

4 0.057 0.065 0.88 

5 0.060 0.117 0.51 

6 0.085 0.095 0.89 

7 0.070 0.087 0.80 

8 0.078 0.095 0.82 

9 0.102 0.170 0.60 

10 0.045 0.079 0.57 

11 0.084 0.094 0.89 

12 0.070 0.075 0.93 

13 0.070 0.098 0.71 

14 0.087 0.137 0.64 

15 0.090 0.120 0.75 

16 0.075 0.100 0.75 

17 0.067 0.080 0.84 

18 0.070 0.095 0.74 

19 0.080 0.120 0.67 

20 0.080 0.115 0.70 

21 0.117 0.217 0.54 

22 0.066 0.095 0.69 

23 0.120 0.117 1.03 

24 0.055 0.075 0.73 

25 0.060 0.080 0.75 

Average: 0.075 0.102 0.76 

Table 6. Distance between coin 1 and 2 (𝑑1 𝑡𝑜 2), distance 

between coin 2 and 3 (𝑑2 𝑡𝑜 3), and the ratio of the distance 

of each trial of pushing the 3 coins uniformly on the rough 

wood (floor) surface. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Trial 

𝑑1 𝑡𝑜 2 

(m) 

±0.001 

𝑑2 𝑡𝑜 3 

(m) 

±0.001 

Ratio 

Distances 

±0.04 

1 0.045 0.060 0.75 

2 0.045 0.078 0.58 

3 0.055 0.070 0.79 

4 0.050 0.100 0.50 

5 0.075 0.087 0.86 

6 0.082 0.104 0.79 

7 0.048 0.088 0.55 

8 0.072 0.087 0.83 

9 0.053 0.076 0.70 

10 0.069 0.085 0.81 

11 0.085 0.110 0.77 

12 0.070 0.110 0.64 

13 0.075 0.124 0.60 

14 0.064 0.093 0.69 

15 0.066 0.100 0.66 

16 0.065 0.090 0.72 

17 0.065 0.086 0.76 

18 0.089 0.099 0.90 

19 0.085 0.101 0.84 

20 0.062 0.101 0.61 

21 0.076 0.102 0.75 

22 0.068 0.085 0.80 

23 0.089 0.125 0.71 

24 0.065 0.092 0.71 

25 0.069 0.086 0.80 

Average: 0.067 0.094 0.72 

Table 7. Distance between coin 1 and 2 ( 𝑑1 𝑡𝑜 2), distance 

between coin 2 and 3 (𝑑2 𝑡𝑜 3), and the ratio of the distance 

of each trial of pushing the 3 coins uniformly on the 

standard bathtub enclosure surface. 
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Experimental Verification of the 

Python Simulation of the Low-

Pass Frequency Filter by Using 

the PASCO Capstone Interface 
Vladimir Feshchenko, Eric Robert Desautels, Nobert Kristof, Édouard Bélair 

Abstract – In this paper, we presented the results of the comparative analysis of the application of the Low-Pass Frequency 

(LPF) Butterworth filter to the non-sinusoidal signals (in our case, a square waveform) and its Python simulation, which 

included using Python’s libraries NumPy and Matplotlib in Visual Studio Code (VSC) environment. The experimental part was 

implemented by the PASCO Capstone interface with embedded FFT. Both theoretical and experimental results matched each 

other.    

Introduction 

The multifunctional PASCO Capstone interface provides 

not only experimental measurements but also interpretation 

(analysis) of the results [1]. In our opinion, it could become 

a link connecting the theoretical methods of signal analysis 

and their experimental verification. In this paper, we made 

the first attempt at such an approach, that is, we used FFT 

and computer simulation on one hand, and PASCO 

Capstone on the other to examine the behavior of a passive 

low‑pass filter using the PASCO 850 Universal Interface as 

the waveform source and data‑acquisition system. This 

paper is written as a lab‑style guide so students can 

reproduce both the computer simulation and the filter’s 

frequency‑dependent response. 

Theoretical Background for LPFs 

A low‑pass filter allows low‑frequency signals to pass 

while reducing higher‑frequency harmonics. A 

square‑wave input is useful for this experiment because it 

contains a series of odd harmonics, making attenuation 

easy to observe. A second-order LPF signifies that any 

voltage or current in the circuit can be described by a 

second-order differential equation. This forms a harmonic 

oscillator, such as an LC circuit. The main difference is that 

only low frequencies will pass through the load resistor 

(which is in parallel to C), since, for high frequencies, a 

branch with the capacitor acts as a short circuit. A more 

detailed analysis is presented in Appendix 1. 

 

Figure 1: RLC passive low-pass filter of second order. 
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Python Simulation of LPF 

Figure 2: Square wave signal in both time and frequency domains (the frequency of the square wave is 1kHz, which is also the cutoff 

frequency of the LPF). (see Appendix 2).

 

 

 

 

 

  



 

30 

 

 

Figure 3. LPF response with the cutoff frequency of 

approximately 1KHz. [2,3] (see Appendix 3). 

PASCO 850 Interface Overview 

The PASCO 850 Universal Interface serves as both the 

function generator and the measurement system for this 

experiment. Its key features relevant to this lab include: 

• **Output 2** — a ±10 V BNC waveform output capable 

of generating square, sine, triangle, and ramp signals. 

• **Fine frequency control** resolution down to 0.001 

Hz. 

• **Synchronized acquisition** waveform generation and 

voltage sensing that share the same timing system. 

• **Analog Inputs** compatible with PASCO voltage 

sensors for capturing low‑level circuit behavior. 

The 850 Interface replaces a traditional oscilloscope and 

function generator, making the setup simpler and ensuring 

measurements remain time‑aligned. Because the generator 

and sensor operate through the same hardware, students 

can avoid phase differences that normally occur when 

using separate instruments. 

LPF Experiment 

Circuit Setup 

1. Build the RLC low‑pass filter on the breadboard: 

2. Connect Output 2 of the PASCO 850 to the input of the RC 

circuit. 

3. Connect the PASCO voltage sensor across the capacitor 

(filter output). 

4. Plug the voltage sensor into an analog input port on the 850 

Interface. 

5. Open PASCO Capstone and verify that the interface and 

sensor are detected. 

Procedure 

1. In Capstone, open the signal generator controls for 

**Output 2**. 

2. Set the waveform to **Square Wave**. 

3. Start with a low frequency (e.g., 50–100 Hz) and amplitude 

of about ±5 V. 

4. Enable data recording and observe both the input and 

output waveforms. 

5. Use the FFT tool to view the harmonic content of the 

output. 

6. Increase the frequency gradually. Watch how the capacitor 

output becomes smoother and how higher harmonics weaken.  

Figure 4: PASCO Capstone interface with LPF.

   • Measure the output across the capacitor. 

   • Connect the resistor in parallel with the capacitor. 
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Conclusion 

This experiment highlights the benefit of using the PASCO 

850 Interface for circuit studies. Because the same unit 

generates the driving waveform and measures the output 

signal, timing is consistent, and data collection is 

simplified. Capstone’s real‑time FFT and waveform views 

make it straightforward for students to interpret the filter’s 

behaviour without needing stand‑alone oscilloscopes or 

frequency analyzers. The PASCO system effectively 

streamlines the learning process while maintaining 

accurate measurements.  

Experimental Results and 

Discussion 

At low frequencies, the output closely follows the 

sinusoidal wave. The observed behaviour matches the 

theoretical low‑pass response curve. 

 

 

 

 

Figure 5: Input square wave signal and its FFT spectrum.
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Figure 6: Output graph after LFP with almost one frequency (1kHz).
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Appendix 1 

The Theory of the Passive Low-Pass Filter of the Second Order 

Let’s assume that 𝑖𝐿 is the peak value of the total current passing through the inductance, 𝑖𝐶  is the peak value of the current 

passing through the capacitance, 𝑖𝑅 is the peak value of the current passing through the resistor.  

Also, 𝑍𝐿 = 𝑗𝜔𝐿, 𝑍𝐶 =
1

𝑗𝜔𝐿
, 𝑍 = 𝑅 are the corresponding resistances. The voltage gain factor G can be introduced as 

𝐺(𝜔) =  
𝑉𝑜𝑢𝑡(𝜔)

𝑉𝑖𝑛(𝜔)
 (1)  

where  𝑉𝑜𝑢𝑡 = 𝑉𝑅 = 𝑉𝐶, 𝑉𝑖𝑛 = 𝑉𝐿 + 𝑉𝑜𝑢𝑡  (𝑖𝐿 =
𝑉𝐿

𝑍𝐿
, 𝑖𝐶 =

𝑉𝐶

𝑍𝐶
, 𝑖𝑅 =

𝑉𝑅

𝑍𝑅
) 

Since                                   

𝑖𝐿 = 𝑖𝐶 + 𝑖𝑅 (2) 

Or  
𝑉𝐿

𝑍𝐿
=

𝑉𝐶

𝑍𝐶
+

𝑉𝑅

𝑍𝑅
=

𝑉𝑖𝑛−𝑉𝑜𝑢𝑡

𝑍𝐿
= 𝑉𝑜𝑢𝑡(

1

𝑍𝐶
+

1

𝑍𝑅
) 

The expression for the real part of the gain factor can be reduced to the following:   

𝐺′ ≡
1

2
=

1 − 𝑥2

(1 − 𝑥2)2 + 𝑥2𝑄2
(3)  

Where 𝑥 =
𝜔

𝜔0
, 𝜔0 =

1

√𝐿𝐶
, 𝜔0 is the resonance frequency of the LC circuit, Q is the Quality Factor (opposite to the Damping 

Ratio) 𝑄 =
1

𝑅
√

𝐿

𝐶
. 

 For R = 130 Ω, L = 25 mH, and C = 1 µF, 𝜔0 = 6325 rad/s ~ 1007 Hz, Q ~1.22. 

To evaluate the cut-off frequency, we assume that at that frequency the gain factor equals ½ (-3dB):  

𝐺′ ≡
1

2
=

1 − 𝑥2

(1 − 𝑥2)2 + 𝑥2𝑄2
(4)  

which results in x ~ 0.709 or ~ 709Hz. 
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Appendix 2 

Python Code Simulating the Square-Wave and its FFT 

1. """ Generate a Square Wave  

2. Use scipy.signal.square to create a square wave 

3. Define parameters such as frequency, duration, and sampling rate""" 

4.  

5. import numpy as np 

6. import matplotlib.pyplot as plt 

7. from scipy import signal 

8. from scipy.fft import fft, fftfreq, fftshift 

9.  

10. # Parameters 

11. frequency = 1000 # Frequency of the square wave in Hz 

12. duration = 0.005 # Duration of the signal in seconds 

13. sampling_rate = 100000 # Sampling rate in Hz 

14. t = np.linspace(0, duration, int(sampling_rate * duration), endpoint=False) 

15.  

16. # Create the square wave 

17. square_wave = signal.square(2 * np.pi * frequency * t) 

18.  

19. """      Perform  the  FFT 

20. Use  numpy.fft.fft to compute the FFT of the square wave 

21. Use numpy.fft.fftfreq to get the corresponding frequency values """ 

22. # Compute the FFT 

23. fft_result = fft(square_wave) 

24. fft_freq = fftfreq(len(square_wave), 1/sampling_rate) 

25.  

26. """   Shift and Normalize the FFt Output 

27. Use numpy.fft.fftshift to center the zero frequency at the middle of the spectrum 

28. Calculate the magnitude of the FFT result using np.abs() 

29. Normalize the magnitude by dividing by the number of samples """ 

30.  

31.   # Shift the zero-frequency component to the center of the spectrum 

32.  

33. fft_result_shifted = fftshift(fft_result) 

34. fft_freq_shifted = fftshift(fft_freq) 

35.  

36. # Calculate the magnitude of the FFT result 

37. magnitude = np.abs(fft_result_shifted) / len(square_wave) 

38.  

39. """       Plot the Results 

40. Plot the original square wave in the time domain 

41. Plot the magnitude of the FFT in the frequency domain """ 

42.  # Plotting 

43.  
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44. plt.figure(figsize=(12, 6)) 

45. plt.subplot(2, 1, 1) 

46. plt.plot(t, square_wave) 

47. plt.title('Square Wave in Time Domain') 

48. plt.xlabel('Time (s)') 

49. plt.ylabel('Amplitude') 

50. plt.subplot(2, 1, 2) 

51. plt.plot(fft_freq_shifted, magnitude) 

52. plt.title('FFT of Square Wave') 

53. plt.xlabel('Frequency (Hz)') 

54. plt.ylabel('Magnitude') 

55. plt.xlim(0,55000) 

56. plt.grid(True) 

57. plt.tight_layout() 

58. plt.show() 
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Appendix 3 

Python Code Simulating the Word of LPF 

1. import numpy as np 

2. from scipy.signal import butter, lfilter, freqz 

3. import matplotlib.pyplot as plt 

4. def butter_lowpass(cutoff, fs, order=5): 

5. return butter(order, cutoff, fs=fs, btype='low', analog=False) 

6. def butter_lowpass_filter(data, cutoff, fs, order=5): 

7. b, a = butter_lowpass(cutoff, fs, order=order) 

8. y = lfilter(b, a, data) 

9. return y 

10. # Filter requirements. 

11. order = 2 

12. fs = 100000       # sample rate, Hz 

13. cutoff = 1000  # desired cutoff frequency of the filter, Hz 

14. # Get the filter coefficients so we can check their frequency response. 

15. b, a = butter_lowpass(cutoff, fs, order) 

16. # Plot the frequency response. 

17. w, h = freqz(b, a, fs=fs, worN=8000) 

18. #plt.subplot(2, 1, 1) 

19. plt.plot(w, np.abs(h), 'b') 

20. plt.plot(cutoff, 0.5*np.sqrt(2), 'ko') 

21. plt.axvline(cutoff, color='k') 

22. plt.xlim(0, 0.05*fs) 

23. plt.title('Lowpass Filter Frequency Response') 

24. plt.xlabel('Frequency [Hz]') 

25. plt.grid() 

26. # Demonstrate the use of the filter. 

27. # First, make some data to be filtered. 

28. """"T = 5.0         # seconds 

29. n = int(T * fs) # total number of samples 

30. t = np.linspace(0, T, n, endpoint=False) 

31. # "Noisy" data.  We want to recover the 1.2 Hz signal from this. 

32. data = np.sin(1.2*2*np.pi*t) + 1.5*np.cos(9*2*np.pi*t) + 0.5*np.sin(12.0*2*np.pi*t) 

33. # Filter the data, and plot both the original and filtered signals. 

34. y = butter_lowpass_filter(data, cutoff, fs, order) 

35. plt.subplot(2, 1, 2) 

36. plt.plot(t, data, 'b-', label='data') 

37. plt.plot(t, y, 'g-', linewidth=2, label='filtered data') 

38. plt.xlabel('Time [sec]') 

39. plt.grid() 

40. plt.legend()""" 

41. #plt.subplots_adjust(hspace=0.35) 

42. plt.show()
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Abstract – Microplastic pollution in the St. Lawrence River (SLR) is pervasive yet little is known about the local microbial 

communities capable of degrading plastics. In this study, we investigated whether bacteria from the SLR can colonize low-

density polyethylene (LDPE) or polyethylene terephthalate (PET) and degrade polycaprolactone (PCL). Three bacterial 

colonies were identified as being able to degrade PCL, two of which were identified as being members of Pseudomonas spp. 

Our findings suggest local bacteria may contribute to biodegradable plastic degradation and warrant further studies of their 

enzymes and their potential ability to degrade LDPE.

Introduction 

Microplastic pollution in the St. Lawrence River (SLR) is 

pervasive. A 2020 study at McGill University by Crew et 

al. found that the St. Lawrence River contains levels of 

microplastic pollution similar to that of some of the most 

polluted fresh-water and marine environments in the world 

[1]. Though not very abundant, various species of algae, 

fungi, and bacteria have the ability to colonize and degrade 

various plastics [2-6]. However, little is known about the 

local microbial communities in the SLR capable of 

colonizing and degrading plastics.  

In this study, we investigated whether bacteria from the 

SLR can colonize low-density polyethylene (LDPE) or 

polyethylene terephthalate (PET) and degrade 

polycaprolactone (PCL). We hypothesized that potential 

plastic degrading microorganisms (PDMs) would be able 

to colonize LDPE since it is an abundant plastic type in the 

SLR [8]. LDPE was also chosen instead of its counterpart 

HDPE (high density polyethylene) since products 

composed of LDPE are much thinner than the 

aforementioned [7, 9]. Additionally, PET was included in 

the experimental set up since PCL can be used as a method 

for the identification of possible enzymes capable of 

degrading PET (since both are hydrolyzable plastics and 

polyesters) [10, 11]. Therefore, we hypothesized that if 

there were enzymes degrading PET, they would also be 

able to degrade PCL. 

Experimental Setup 

We sampled water and sediment from Verdun Beach 

(45.4623° N, 73.5603° W) on October 2024, which was 

then transferred to four 1L containers containing 1 inch of 

sediment, as well as four PET pieces, four LDPE pieces, 

and one glass slide (serving as a control), each material 

strung on separate fishing lines (inspired by a study by 

Syrandou et al.)  [12, 13].  

Two containers were incubated in the dark and two in 

natural light, either with or without the addition of 

ammonium chloride and sodium phosphate to test the 

effects of light (light vs dark) and nutrient enrichment 

(enriched vs. non-enriched) on bacterial colonization. Two 

containers were filled with deionized filtered water to serve 

as a control. Carbon was not added in order to increase the 

chances of the microorganisms using the plastic pieces as 

a carbon source and because a study by Howard et al found 

that doing so increased degradation rates [2, 11].  

After thirty days, a PET piece, an LDPE piece, and glass 

piece from each treatment (except the control) were 

swabbed onto the PCL agar plates to assess PCL 

degradation potential. The containers were manually 
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shaken every few days in order to maintain oxygenation 

[14]. On day 27, a piece of LDPE from the X N.D 

Treatment was swabbed and varyingly diluted to determine 

the best dilution series for plating. After thirty days, a PET 

piece, an LDPE piece and a glass piece were scraped using 

an inoculation loop, diluted a hundred-fold, and plated on 

PCL agar plates to test for the presence of PDMs. PCL can 

be emulsified into an agar solution creating a cloudy agar 

plate called a PCL agar plate. The presence of a clear zone 

around a colony indicates PCL degradation [6, 15].  

Furthermore, a positive control, provided by Asher 

Woodhead, consisting of a bacterium which, when plated 

on a PCL agar plate had already produced a zone of 

clearing, was also plated as a reference for clear zone 

identification (Figure 1) [16].  

In total, fifteen plates were tested. After six days of 

incubation in the dark at room temperature, colonies were 

counted and examined for zones of clearing. 

 

Figure 1. Positive control plated on a PCL agar plate. Asher 

Woodhead [Photograph] November 29, 2024 [cited 2024 

February 17]. 

 

 

Results 

Visible Growth and Biofilm Composition 

There was no visible growth on any of the substrates on 

both Nutrient Enriched Treatments (N.L and N.D). 

Nevertheless, the plastics and the glass did seem slightly 

more weathered than they were previously. Contrastingly, 

both treatments without nutrients (X N) seemed to have 

visible growth on both LDPE and PET, whilst the glass 

remained seemingly uncolonized. The visible biofilm 

composition on the LDPE differed from that on the PET; 

the colonization on the LDPE was uneven, whereas the 

colonization on the PET was more even  (Figures 2 and 3). 

Additionally, the biofilm on the light treatment (X N.L) 

was a light brown, whilst it was a darker brown on the dark 

treatment (X N.D) which likely attests to the presence of 

algae in the light treatment. The lack of visible colonization 

of the N. Treatment was likely due to the increase of acidity 

in the water caused by the addition of the nutrients which 

could have been mitigated by the addition of a buffer 

solution [17]. No growth was observed on the controls. 

The colonies plated on the PCL agar plates were counted. 

However, it was difficult due to confluent growth which 

may have been due to the dilution not being high enough. 

Nonetheless, it seems that there was some difference in the 

microbial composition of the biofilms on the glass piece, 

the PET piece, and the LDPE piece, displayed by the 

differing colony morphologies as well as by the visible 

biofilm composition on the N.D Treatment previously 

mentioned (Figure 4). Further repetition and 

characterization of the individual colonies would be 

needed to confirm this, however many studies have shown 

that the composition of microbial communities varies 

depending on the type of plastic and that the 

aforementioned also differ from controls [12, 18]. 
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Figure 2. X N.D Treatment (on the left) and N.D Treatment (on 

the right) photographed on Day 22 of culture. 

 

Figure 3. X N. L Treatment (on the left) and N.L Treatment (on 

the right) photographed on Day 22 of culture. 

 

Figure 4. Plated PLC agar plates from all treatments. 

PDM Identification 

Three clear zones were observed around three colonies 

sampled from the LDPE plastic cultured in the N.D 

Treatment (Figure 5). Two colonies were identified through 

16s RNA sequencing as belonging to the Pseudomonas 

genus [19, 20]. Many Pseudomonas species have been 

found to be able to degrade various plastic types, including 

LDPE, PET and PCL [2, 21].  

Moreover, the first colony was identified, by a full genome 

sequence, as being Pseudomonas chlororaphis, a species 

that has been identified as being able to degrade LDPE and 

PCL.  

Additionally, various possible plastic degrading enzymes 

were identified to be present in the aforementioned, 

including poly(3-hydroxyalkanoate) (PHA) depolymerase, 

which has been shown to play a role in the degradation of 

PHA (polyhydroxyalkanoate), a biodegradable plastic [22].  

Moreover, enzymes such as lipases, esterases, thioesterases 

and peroxidases have been proven to play important roles 

in plastic degradation which were all identified in the 

genome sequence [23]. Notably, glutathione peroxidase 

enzymes were identified, which have been found to be a 

highly efficient LDPE degrader in Rhodococcus spp. in a 

2024 study [24]. 
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Figure 5. Three colonies possessing surrounding zones of 

clearing. 

Conclusion and Discussion 

In conclusion, our findings suggest local bacteria may 

contribute to biodegradable plastic degradation though 

sampling various sites across the St. Lawrence River. 

However, further research is necessary to provide a more 

complete picture of the microbial communities capable of 

degrading plastics. Culturing samples in darkness as well 

as adding nutrients may also improve the likeliness of 

finding PDMs considering that the only identified PDMs 

were found on the Nutrient Enriched Dark Treatment. 

Further research should focus on identifying the possible 

plastic degrading enzymes present in Pseudomonas 

chlororaphis and the other Pseudomonas spp. which may 

expand upon the preexisting list of previously identified 

plastic degrading enzymes. Additionally, it would be 

interesting to further explore whether the Pseudomonas 

spp. identified can degrade LDPE (which may support my 

hypothesis that the microorganisms in the St Lawrence 

River are able to colonize and degrade polyethylene due to 

its abundance in the river) or if their presence on the LDPE 

plate was unrelated to degradation. Plastic pollution is an 

important issue and further studies on PDMs is an 

important step towards finding a method of remediation. 
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Impact of Climate Change and 

Socioeconomic Factors on 

Dengue Incidence in Southern 

Asia, Southeast Asia, and South 

America 
Thomas Deleuze-Bisson, Antoine Larocque, Trong Don Nguyen, Mohamed Younes 

Abstract – Dengue fever is one of the most significant arboviral diseases impacting modern society. It poses a serious threat in 

tropical regions, where mosquitoes—primarily Aedes aegypti—thrive as the vectors of transmission. Annually, 400 million 

infections occur, with 100 million people falling ill. In this study, we investigated how temperature, vapour pressure, soil 

moisture, and precipitation influenced dengue incidence in various tropical and subtropical countries (Thailand, Vietnam, Sri 

Lanka, Singapore, the Philippines, Panama, Nicaragua, Laos, Jamaica, El Salvador, Ecuador, Costa Rica, Cambodia, and 

Belize) from 2010 to 2022. Moreover, we assessed how climate change may affect dengue incidence in the future. We applied 

multiple linear regressions to investigate the relationship between climate variables and dengue cases. The tropical and 

subtropical countries studied showed significant relationships (p < 0.05) and a positive correlation between vapour pressure, 

minimum monthly temperature, monthly precipitation, soil moisture, and the number of dengue cases per 1,000 people. 

Leveraging this data, we constructed a model, meeting all required statistical assumptions, that predicted a significant increase 

of 18.6% in infection cases due to climate change in a hypothetical year in which global temperatures rose by 2℃. Finally, an 

additional multiple regression analysis incorporating previously examined weather variables, electricity use, urban population 

percentage, and the Human Development Index (HDI) revealed that urban population was significantly positively correlated 

with infections per 1,000 individuals, while electricity consumption per capita as well as HDI were not significantly correlated 

with infection rates. 

Introduction 

Dengue fever is a prominent disease in tropical regions, 

sparking various outbreaks (WHO, 2024). Some of its 

symptoms include severe headache, nausea, fatigue, and fever 

(Government of Canada, 2014). Treating this virus is 

problematic due to the lack of a reliable vaccine, with both 

CYD-TDV (Dengvaxia®) and Qdenga being ineffective in 

terms of long-term protection against dengue fever (Lee et al., 

2024). This issue is more pronounced in countries that have 

difficulties in limiting the spread of this disease or treating 

people who fall ill due to limited resources, particularly South 

American and South Asian nations (Zhang et al., 2025).  

The incidence of this disease is mainly reported due to 

infection from the bite of Aedes aegypti mosquitoes (Brady et 

al., 2012). Warmer temperatures can lead to shorter periods 

for the virus to mature in the mosquito, increasing the spread 

of dengue (Liu-Helmersson et al., 2014). 

Moreover, increases in temperature directly accelerate 

mosquito development time and, therefore, the rate of dengue 

virus spread in human populations.  

Dengue transmission vectors reproduce in small ponds, as 

they prefer humid areas to breed. Thus, precipitation is also a 

major variable since it creates ideal breeding grounds for 

Aedes aegypti mosquitoes, particularly when rainwater pools 

in containers and becomes stagnant (Ebi & Nealon, 2016). As 

a result, rainfall patterns, especially in tropical areas, are 

strongly linked to dengue outbreaks (Brady et al., 2012). Past 

studies have shown that there is an existing correlation 

between rainfall and infection cases, as regions experiencing 
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frequent or heavy seasonal rainfall tend to have more dengue 

cases (Chaves, 2012).  

Since climate change alters precipitation and temperature 

patterns in tropical regions, it may contribute to global 

changes in dengue fever infections (Ryan et al., 2019). 

Moreover, regions that have never experienced any incidence 

of this disease could become at risk in the next few years due 

to the mosquito vector's spread in regions previously 

inhospitable to their growth (Ebi & Nealon, 2016). The 

impact of climate change on dengue incidence remains 

uncertain in tropical countries due to various complex 

relationships between the disease, climate conditions, and 

socioeconomic factors (Colón-González et al., 2013; 

Marengo et al., 2023).  

While previous studies have managed to establish numerous 

links between various weather variables and dengue fever 

cases, there remains a lack of understanding of the effects of 

changes in environmental factors on the spread of the disease, 

especially in tropical regions (Liu-Helmersson et al., 2014; 

Ryan et al., 2019). An analysis that incorporates 

socioeconomic factors and multiple climate variables may 

refine climate change predictions of dengue incidence and 

pioneer innovative solutions to limit the spread of the disease. 

Given the need to push further research on dengue fever, we 

will aim to identify the relationship between dengue and many 

climate variables (temperature, vapour pressure, 

precipitation, and soil moisture) as well as with socio-

demographic variables (electricity consumption per capita, 

urban population percentage, agricultural land percentage). 

We will also forecast dengue case trends over the coming 

years based on the predicted changes in these variables.  

Methods 

All raw data was collected from open-source databases. 

Countries’ populations and socioeconomic factors (percent 

urban population, electricity power per capita (kWh), and 

percent agricultural land) were retrieved from the World Bank 

(World Bank Group, 2025), and the Human Development 

Index from the United Nations (UNDP, 2024). These 

socioeconomic factors were chosen to capture a wide range of 

socioeconomic realities (disparity, income, demographic 

proxies, access to electricity, etc.). Data related to dengue 

infections was retrieved from OpenDengue (Clarke et al., 

2023), and monthly climate variables (vapour pressure, soil 

moisture, precipitation, and minimum monthly temperature) 

from TerraClimate (Abatzoglou et al., 2018). Monthly data 

for these variables from 2010 to 2022 were gathered for 15 

tropical countries (Thailand, Vietnam, Sri Lanka, Singapore, 

the Philippines, Panama, Paraguay, Nicaragua, Laos, Jamaica, 

El Salvador, Ecuador, Costa Rica, Cambodia, and Belize). 

These countries were chosen for their moderate territorial 

size, lessening the overall variation in weather. This is 

because, in larger countries, different regions experience 

varying weather conditions, which may interfere with the 

analysis.  

Data were first visualized with scatterplots and time series in 

R version 4.5.0 with the ggplot2 package. Outliers were 

removed, especially those with zero and exceedingly high 

values, as they caused skewed results and flawed statistical 

inference during the analysis and were unlikely to result from 

climate variability (Shihada et al., 2017). Dengue cases were 

also standardized by calculating dengue incidence per 1,000 

people, ensuring that the data were scaled to the population of 

each country.  

Statistical tests were then applied to identify patterns and 

correlations in R, while maps were made with Python version 

3.21, using the Geopandas module. A multiple linear 

regression was performed with climate variables (vapour 

pressure, minimum temperature, precipitation, and soil 

moisture), month, and dengue incidence category as 

predictors of log-transformed dengue cases per 1,000 people. 

To meet the homoscedasticity of residuals, we categorized 

countries into “low” and “high” dengue incidence categories, 

where “high” dengue incidence was defined as an average 

log-transformed number of dengue cases per 1,000 people 

greater or equal to -5.  

The linear relationship between predictors and the log of 

dengue cases per 1,000 people was assessed with scatterplots 

showing the relationship between the log of dengue cases per 

1,000 people and each predictor. Dengue cases per 1,000 

people were log-transformed to ensure normality of residuals, 

which was assessed with a histogram and a Q-Q plot. The 

homoscedasticity of residuals was assessed with scatterplots 

showing the relationship between residuals and each 

predictor. The spatial independence of residuals was assessed 

with Moran’s I spatial autocorrelation test for each month 

between 2010 and 2022, while the temporal independence of 

residuals was assessed with a time series of the residuals. 

Multicollinearity was assessed with the VIF function from the 

car package in R.  

Then, climate change predictions were made with the 

following multilinear regression model:  
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log(𝑐𝑎𝑠𝑒𝑠) = β1 ⋅  Country 1 + ⋯ +  β15 ⋅  Country 15

+ β15 ⋅  vap + β16 + 1 ⋅  tmin + β17
+2 ⋅  ppt + β18 + β18 soil + β20 month

+β21 month 2 + ε (1)

 

Cases represent the number of cases per 1,000 people, vap is 

vapour pressure (kPa), tmin is minimum temperature (°C), ppt 

is precipitation (mm), and soil is soil moisture (mm).  

To make predictions, climate variables in a +2°C global 

warming scenario from the TerraClimate dataset were used. 

Then, the average 2010-2022 dengue cases were compared to 

the predicted dengue cases in a +2°C global warming 

scenario. 

To determine whether socioeconomic factors have an 

influence on dengue incidence directly or by interacting with 

climate variables, an analysis was made based on a 

multilinear regression that used interaction terms between 

socioeconomic and climate factors for each socioeconomic 

factor. To minimize multicollinearity, climate and 

socioeconomic variables were standardized by centering 

them, which can be done by subtracting each variable from 

the mean. All statistical assumptions (linear relationship 

between predictors and the log of cases per 1,000 people, 

normality of residuals, homoscedasticity of residuals, and 

independence of residuals) were verified in a similar manner 

as the previous linear regressions.  

Results 

Four scatterplots were generated by plotting vapour pressure, 

soil moisture, precipitation, and minimum temperature (x-

axis) against log-transformed dengue incidence (y-axis). All 

variables exhibited positive correlations with the dependent 

variable (pvap < 2e-16,  ptmin < 2e-16, psoil = 5.65e-7, pppt = 

9.43e-14). 

Figure 1. Relationship between climate variables and log of dengue cases per 1000 people.
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The multilinear regression revealed a significant positive 

correlation between dengue cases per 1,000 individuals and 

precipitation (β = 0.0030, p < 2e-16). It also revealed a 

significant positive correlation between dengue cases per 

1,000 individuals and soil moisture (β = 0.0029, p = 3.61e-

11), dengue cases per 1,000 people and minimum 

temperature (β = 0.1579, p = 1.72e-15), and dengue cases 

per 1,000 people and ambient vapour pressure (β = 1.219, 

p < 2e-16). The R2 value was 0.8485 for the overall 

analysis. 

Using equation 1, it was found that the hypothetical year 

presenting an increase of 2°C in global temperature would 

result in a total increase of 18.6% in dengue cases in the 

studied countries. However, not all countries show an 

increase in dengue cases (Appendix C).  

Due to climate change (+2°C scenario), on average, 

minimum temperature increases by 0.825°C, vapour 

pressure increases by 0.233 kPa, while precipitation and 

soil moisture decrease by 19.9 mm and 4.7 mm, 

respectively.  

Figure 2. Climate change prediction of dengue incidence in 

South-East Asia. 

 

Figure 3. Climate change predictions of dengue incidence in 
Central America. 

The Human Development Index and the electricity power 

per capita were not significantly correlated with the log of 

dengue cases. None of the interaction terms between the 

Human Development Index and climate variables was 

significant. The same was true for the interaction terms 

between the electricity power per capita and climate 

variables.  

The percentage of urban population was significantly 

positively correlated with the log of dengue cases. 

Moreover, the interaction term between the percentage of 

urban population and vapour pressure was significant and 

negative. The other interaction terms with climate variables 

were not statistically significant.  

Discussion 

Our multilinear regression analysis with climate variables 

shows statistically significant and positive relationships 

between all climate variables and dengue cases. Notably, 

vapour pressure reflects absolute humidity, meaning that 

higher vapour pressure indicates more moisture in the air. 

Hence, higher vapour pressure slows down evaporation, 

causing water to stay longer in containers, which creates 

ideal breeding grounds for mosquitoes. This supports 

findings in current literature on Aedes aegypti life cycles 

and breeding habits (Ferede et al., 2018).  

We also found a strong positive correlation between 

precipitation and dengue cases. This result is also 

consistent with existing literature, as rainwater 

accumulation tends to cause water stagnation, which serves 

as an ideal breeding ground for mosquitoes. Consequently, 

areas with high rainfall tend to exhibit greater mosquito 

population densities.  

Similarly, the positive relationship between soil moisture 

and dengue incidence may be explained by the mosquito’s 

life cycle. Higher soil moisture could indicate good 

breeding conditions for mosquitoes, leading to more 

dengue cases.  

Additionally, our data revealed a strong positive correlation 

between minimum temperature and dengue incidence. This 

can be explained by the fact that Aedes aegypti mosquitoes 

thrive in temperatures between 25 °C and 30 °C, while 

temperatures above 40 °C can kill adult mosquitoes and 

inhibit larval development (Reiskind and Zarrabi, 2012). In 

many tropical countries, minimum temperatures during the 

hotter months often fall just below this optimal range. As 

these minimum temperatures rise into the 25 to 30 °C 

range, the period during which mosquitoes can thrive at 
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peak capacity is extended. An additional explanation is that 

warmer temperatures speed up the Aedes aegypti 

mosquito's life cycle—eggs hatch faster, larvae mature 

quicker, and adult mosquitoes become more active—

leading to an increase in bites and faster transmission of 

dengue fever. Furthermore, higher temperatures can 

decrease the extrinsic incubation time, which is the time 

required for a mosquito to become infectious after blood 

ingestion of an infected host (Kamiya et al., 2020).  

As for our multilinear analysis, we found that a +2°C 

climate change scenario would lead to an 18.6% surge in 

dengue incidence. This suggests that rising temperatures 

alongside their repercussions on the environment are 

associated with increased dengue transmission in South 

America and Southeast Asia. This supports our hypothesis 

that climate change contributes to the spread of the disease. 

Moreover, these findings align with existing literature, 

highlighting the impact of elevated temperatures on dengue 

spread, and emphasizing the negative effects of climate 

change on vulnerable communities worldwide (Feng et al., 

2024). 

However, it is important to mention that these results were 

not uniform across all countries. In fact, some countries 

actually showed a decrease in dengue cases. This can be 

explained by the fact that climate change is generally 

associated with lower precipitation and soil moisture. 

Hence, in some countries (Panama, Ecuador, Jamaica, and 

Laos), those factors outweighed the increase in temperature 

and led the model to predict a decrease in dengue cases. 

The rest of the countries exhibited results consistent with 

our hypothesis and showed an increase in dengue cases due 

to the rise in temperature, directly affecting minimum 

temperature, leading to the 18.6% predicted increase in 

dengue cases. This finding suggests that the increase in 

dengue cases over the next few years cannot be generalized 

on a global scale and must be studied regionally, as some 

regions or countries might experience a different outcome 

from the predicted one, as the model proved.  

Our results also indicate that countries where a higher 

percentage of the population lives in urban settings tend to 

face an increased number of dengue outbreaks. This 

suggests that the majority of dengue patients contract the 

virus in cities which may hold a greater mosquito 

population because of increased human presence. This 

stresses the importance of using effective tools and 

strategies in densely populated areas to limit the spread of 

the disease. In fact, many countries have already started to 

do so. Some of the innovative strategies they use include 

mosquito nets, awareness campaigns across cities, 

larvicides, and ULV fogging during outbreak periods. 

Some countries have also tried to introduce Wolbachia-

infected individuals in mosquito-infested countries to 

decimate the infected population (WHO, 2025). Past 

studies have shown that the introduction of Wolbachia-

infected mosquitoes in the global population of the species 

led to a reduction of 86.2% in dengue-related 

hospitalizations in Indonesia (Utami et al., 2021).  

The socioeconomic multilinear regression results stress the 

relevance of incorporating such data when making climate 

change predictions of dengue cases. Indeed, 

socioeconomic factors can be correlated with dengue 

incidence directly, but they can also interact with climate 

variables to shape the relationship between climate 

variables and dengue incidence. It is also important to 

consider socioeconomic factors when assessing the 

vulnerability of countries to dengue. Indeed, not all 

countries have the same resources to limit dengue 

propagation and treat infected patients. The Global Health 

Index is a useful starting point to determine how different 

countries have the capacity to deal with dengue cases 

(Razavi et al., 2020).  

Despite the statistical significance of our findings, certain 

limitations should be acknowledged. First, data points 

where dengue cases were reported as zero have been 

omitted, as they were assumed to be errors or outliers, 

which may have introduced bias. Another limitation of our 

study is that the data were aggregated at the country level 

rather than at a finer spatial resolution, which may have 

skewed the results for larger countries with diverse 

climates, as regional and local differences are not reflected 

in the national averages.  

For future research, it would be interesting to analyze data 

at smaller scales, such as the regional level, as that would 

provide a better representation of how climate fluctuations 

impact dengue incidence in specific areas. Studying the 

differences in dengue vulnerability between urban and 

rural populations, along with other socioeconomic factors, 

could help identify new variables that significantly impact 

communities. It would also be relevant to assess impacts of 

dengue on rather vulnerable communities, such as those 

living in informal settlements, to assess in what ways is the 

transmission of the virus different in such a socioeconomic 

context.  
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Conclusion 

In conclusion, the purpose of this research was to 

understand the impact of climate change and 

socioeconomic factors on dengue cases. Our findings 

showed strong positive correlations between several 

climate factors and dengue cases, particularly highlighting 

the relationships between vapour pressure, soil moisture, 

temperature, and precipitation and dengue incidence in 

various countries in Southeast Asia and South America. 

This study highlights the urgent need for action in these 

regions, as a 2°C increase in global temperatures is 

predicted to lead to an 18.6% rise in dengue incidence 

across the countries studied. This underscores the 

significant impact of climate change on public health, 

particularly in tropical regions where dengue fever is most 

prevalent. Moreover, dengue incidence was positively 

correlated with urbanization and socioeconomic factors 

that can interact with climate variables to shape their 

relationship with dengue incidence. Moving forward, 

climate-focused strategies that integrate socioeconomic 

considerations will be critical in reducing national 

vulnerability to dengue outbreaks. Equally important will 

be increased public awareness, sustained investment in 

research, and the development of effective technologies to 

support long-term prevention and response efforts.  
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Vector Formulation of Refraction 

for Simulation 
Aryan Shadzi 

Abstract – The paper presents a vectorial formulation of refractive phenomena for ray tracing. Traditional methods tend to rely 

on angular quantities which can have significant computational overhead caused by the cost of evaluating trigonometric 

functions. The model’s reformulation of Snell’s law in vectorial form provides a more optimized approach to refraction in ray 

tracing, enabling efficient computation of the refracted ray direction. Additionally, the model implements pseudo-random ray 

transmission following the Fresnel’s equation and a simple Cauchy approximation of IOR chromatic dispersion. The model, 

implemented in C++ with OpenGL, demonstrated visually accurate reflection and refraction when compared with a similar 

setup in Blender, a well-known rendering platform. The chromatic dispersion model remains purely mathematical and has yet 

to be tested.

Introduction 

Light modeling became increasingly important during the 

twentieth century and is now central in scientific 

simulation and computer graphics. It is used to simulate 

phenomena that are difficult to reproduce experimentally, 

to preview realistic architectural images before 

construction, and to improve visual quality in films and 

video games. One challenging phenomenon to simulate is 

refraction [1]. Snell’s law is traditionally expressed using 

incidence angles, but modern simulation pipelines operate 

on vectors. Using Snell’s law in its angle form can require 

inverse trigonometric functions, which are 

computationally expensive. In this paper, Snell’s law and 

the Fresnel equations are rewritten in a vector framework 

suitable for simulation. The objective is to derive a model 

capable of reproducing refraction, reflection, total internal 

reflection, and chromatic dispersion. 

Context and Variables 

Consider a light ray crossing the boundary between two 

media with incidence angle 𝜃1 measured with respect to the 

surface normal 𝑛̂. Depending on the refractive indices 𝑛1 

and 𝑛2 of the two media, the ray is reflected or refracted at 

an angle 𝜃2. The refractive index of a medium is defined as 

the ratio between the speed of light in vacuum and the 

speed of light in the medium, i.e., 𝑛 =
𝑐

𝑣
 [2]. 

In a vector-based simulation, angles 𝜃1 and 𝜃2 are replaced 

by the unit direction vectors of the incident and transmitted 

rays, denoted 𝑣̂1 and 𝑣̂2, to avoid explicit angular 

computations. 

To simulate chromatic effects, each ray is associated with 

a wavelength 𝜆 expressed in micrometers. For simplicity, 𝜆 

is assumed constant across media boundaries. The 

refractive index is modeled as a function 𝑛(𝜆, 𝑛𝑎𝑣𝑔) 

relating wavelength to the average refractive index of the 

material. In physical optics, the frequency of light remains 

constant across media boundaries, while the wavelength 

changes according to the change in propagation speed. 

However, in this model, light is treated under a 

monochromatic ray approximation in which wavelength-

dependent dispersion effects are not explicitly propagated 

across interfaces, allowing light to be modeled as 

geometric rays for computational efficiency [1]. The 

refractive index is treated as a wavelength-dependent 

property, n=n(wavelength), and is modeled using empirical 

dispersion relations such as the Cauchy or Sellmeier 

equations [3].  

Derivation of the Refracted 

Direction Vector 

Snell’s law states that 

𝑛1𝑠𝑖𝑛(𝜃1) = 𝑛2𝑠𝑖𝑛(𝜃2). 

To express this relation in vector form, an equivalent 

expression for 𝑠𝑖𝑛(𝜃) is required. Let 𝑘̂ be a unit vector 

perpendicular to the surface normal 𝑛̂ and lying in the plane 

defined by 𝑛̂ and the incident ray direction. Then 

𝑠𝑖𝑛(𝜃) = 𝑣̂ ⋅ 𝑘̂ (1)

substituting into Snell’s law yields 

𝑛1(𝑣̂1 ⋅ 𝑘̂) = 𝑛2(𝑣̂2 ⋅ 𝑘̂). 
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Define 

𝑀 =
𝑛1

𝑛2

(𝑣̂1 ⋅ 𝑘̂) = 𝑣̂2 ⋅ 𝑘̂. (2)  

Since 𝑣̂2 is a unit vector and 𝑘̂ ⊥ 𝑛̂, 

(𝑣̂2 ⋅ (−𝑛̂))
2
+ (𝑣̂2 ⋅ 𝑘̂)

2
= 1. 

Thus, 

𝑣̂2 ⋅ (−𝑛̂) = √ 1 − 𝑀2 . (3)  

The refracted direction vector is therefore 

𝑣̂2 = 𝑀𝑘̂ − 𝑛̂√ 1 − 𝑀2 . (4)  

If |𝑀| > 1, then 1 − 𝑀2 < 0 and the square root is not real. 

Physically, this indicates that refraction does not occur and 

the ray undergoes total internal reflection (TIR) [4]. 

In three dimensions, there are infinitely many vectors 

perpendicular to 𝑛̂, so 𝑘̂ must be constrained to lie in the 

plane of incidence (the plane spanned by 𝑛̂ and 𝑣̂1). Let the 

normal to that plane be 

𝑁̂ = 𝑛̂ × 𝑣̂1. 

Then 𝑘⃗  can be defined by 

𝑘̂ = (𝑛̂ × 𝑣̂1) × 𝑛̂. (5)  

All direction vectors are assumed normalized. 

Derivation of the Reflected 

Direction Vector 

For reflection, the law of specular reflection states that the 

angle of incidence equals the angle of reflection with 

respect to the normal [5]. Using vector geometry, the 

reflected direction is 

𝑣̂2 = 𝑣̂1 − 2(𝑣̂1 ⋅ 𝑛̂)𝑛̂. (6)  

This expression is used directly in the case of total internal 

reflection. 

Fresnel Equations 

Reflection and refraction are not binary: even without TIR, 

part of the incident light is reflected while the remainder is 

transmitted. For unpolarized light reflectance is calculated 

by: 

𝑅 =
𝑅𝑠 + 𝑅𝑝

2
. 

The Fresnel reflectances for s- and p-polarization are 

𝑅𝑠 = |
𝑛1𝑐𝑜𝑠𝜃1 − 𝑛2𝑐𝑜𝑠𝜃2

𝑛1𝑐𝑜𝑠𝜃1 + 𝑛2𝑐𝑜𝑠𝜃2

|
2

,   

𝑅𝑝 = |
𝑛1𝑐𝑜𝑠𝜃2 − 𝑛2𝑐𝑜𝑠𝜃1

𝑛1𝑐𝑜𝑠𝜃2 + 𝑛2𝑐𝑜𝑠𝜃1

|
2

. 

where Rs and Rp are the Fresnel reflection coefficient for 

s-polarization and the Fresnel reflection light coefficient 

for p-polarized respectively [1]. 

In vector form, the cosine is the component along the 

normal: 

𝑐𝑜𝑠𝜃1 = −𝑣̂1 ⋅ 𝑛̂,  𝑐𝑜𝑠𝜃2 = √ 1 − 𝑀2 . 

Thus, 

𝑅𝑠 = |
−𝑛1(𝑣̂1 ⋅ 𝑛̂) − 𝑛2√ 1 − 𝑀2 

−𝑛1(𝑣̂1 ⋅ 𝑛̂) + 𝑛2√ 1 − 𝑀2 
|

2

, (7)  

𝑅𝑝 = |
𝑛1√ 1 − 𝑀2   − 𝑛2(−𝑣̂1 ⋅ 𝑛̂)

𝑛1√ 1 − 𝑀2   + 𝑛2(−𝑣̂1 ⋅ 𝑛̂)
|

2

. (8)  

The transmitted intensity is 

𝑇 = 1 − 𝑅. (9)  

Chromatic Dispersion 

Chromatic dispersion arises from the wavelength 

dependence of the refractive index. Most tabulated 

refractive indices are measured at a wavelength of 

𝜆0 = 0.589 𝜇𝑚. The dispersion function is modeled 

using the relationship 
𝑛(𝜆0) = 𝑛𝑎𝑣𝑔. (10)  

Using a second-order Cauchy model, 

𝑛(𝜆) = 𝐴 +
𝐵

𝜆2
, 

where A and B are empirical material-depending 

constants determined by fitting experimental data [3]. 

Applying 𝑛(𝜆0) = 𝑛𝑎𝑣𝑔 gives 

𝑛𝑎𝑣𝑔 = 𝐴 +
𝐵

𝜆0
2  ⇒  𝐴 = 𝑛𝑎𝑣𝑔 −

𝐵

𝜆0
2. 

Therefore, 

𝑛(𝜆) = 𝑛𝑎𝑣𝑔 + 𝐵 (
1

𝜆2
−

1

𝜆0
2) . (11)  
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To ensure physical validity, we constrain 𝑛(𝜆) > 1, 

𝐵 ∈ (0, 𝜆0
2(𝑛𝑎𝑣𝑔 − 1)) . (12)  

 

Analysis 

In the simulation, each ray is defined by an origin, a unit 

direction vector, and a wavelength (or a color mapped to a 

wavelength). The algorithm proceeds as follows. 

Simulation Steps 

1. Compute the closest ray–object intersection. If no 

intersection exists, terminate. 

2. Compute 𝑘̂ = (𝑛̂ × 𝑣̂1) × 𝑛̂ using the interface 

normal 𝑛̂ and incident direction 𝑣̂1. 

3. Compute the refractive index of the second 

medium using the dispersion model: 

𝑛2 = 𝑛(𝜆) = 𝑛𝑎𝑣𝑔 + 𝐵 (
1

𝜆2
−

1

𝜆0
2), 

  where 𝜆0 = 0.589 𝜇𝑚 (equivalently 589 𝑛𝑚). 

4. Compute 

𝑀 =
𝑛1

𝑛2

(𝑣̂1 ⋅ 𝑘̂). 

5. Compute both outgoing directions: 

𝑣̂2𝑡 = 𝑀𝑘̂ − 𝑛̂√ 1 − 𝑀2 ,  𝑣̂2𝑟 = 𝑣̂1 − 2(𝑣̂1 ⋅ 𝑛̂)𝑛̂. 

  If |𝑀| > 1, compute only 𝑣̂2𝑟 (TIR). 

6. If refraction occurs, compute Fresnel reflectances 

𝑅𝑠 and 𝑅𝑝, then compute 

𝑅 =
𝑅𝑠 + 𝑅𝑝

2
,  𝑇 = 1 − 𝑅, 

  and split intensity accordingly. 

7. Emit a reflected ray with intensity multiplied by 

𝑅 and a transmitted ray with intensity multiplied 

by 𝑇. Continue until termination conditions are 

met (no intersection or a maximum step count). 

Results 

Implementing the algorithm above (combined with 

standard light-transport routines) in a simulator written in 

C++ and GLSL produces a simple but functional refractive 

renderer. To evaluate the behavior of the model, a spherical 

lens rendered by the simulator is compared qualitatively 

against a reference render produced in Blender. 

Several similarities and differences are observed. First, 

both renders show the lens inverting the background, and 

this effect is reproduced by the simulator. Second, both 

renders show reflections on the sphere, but the reflection 

region appears smaller in the simulator output. Finally, the 

overall brightness differs between the two renders.  

 

Figure 1. Image produced with our method. 

 

Figure 2. Image produced with Blender. 

The background inversion indicates that the simulated 

refraction and reflection directions produced by the vector 

model are broadly consistent with expected optical 

behavior, suggesting that the vector forms derived from 

Snell’s law and specular reflection are correctly 

implemented. 

The smaller reflection region may result from differences 

in Fresnel implementation, since Fresnel determines how 

much light is reflected versus transmitted. It may also come 

from differences in how Blender and the simulator handle 

reflection events (for example, probabilistic versus 

deterministic decisions). In addition, small differences in 
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refractive index values between the two setups can affect 

both the size and intensity of reflections. 

Because the brightness difference appears across the entire 

image, including regions where refraction should have 

minimal effect, it is likely caused by differences in post-

processing or tone mapping between the two pipelines. 

Blender typically applies additional processing steps that 

increase perceptual realism, which are not included in the 

simulator. Therefore, this brightness difference is not 

directly attributable to the refraction model itself. 

Although multiple optical effects are reproduced, 

chromatic dispersion was not implemented in the 

simulator. Dispersion would require splitting light into 

multiple rays (e.g., red, green, and blue) and propagating 

them through the scene. This typically requires recursive 

ray tracing. Since recursion is not supported in GLSL in the 

chosen implementation, the simulator processes one ray at 

a time, preventing simultaneous propagation of multiple 

secondary rays for spectral separation. 

Conclusion 

A fully vector-based formulation of refraction, reflection, 

and Fresnel effects has been derived and is suitable for 

simulation. The model reproduces refraction, partial 

reflection, and total internal reflection while avoiding 

explicit inverse trigonometric computations in the core 

vector model. Although chromatic dispersion was derived 

analytically, its implementation was limited by the lack of 

recursion support in GLSL under the chosen approach. 

Nevertheless, the framework provides a consistent 

foundation for physically based light simulation and can be 

extended with alternative control flow or multi-ray 

propagation strategies. 
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Wiener Index: Chemical Graph 

Theory 
Harry Jia Bin Ngo 

Abstract – The Wiener index is a topological index that represents the sum of distances between vertices in a graph. This paper 

outlines its definition, computation methods, and bounds, along with applications in modeling molecular structures. 

Introduction 

Topological Index 

Alongside the Balaban index and Harary index, the Wiener 

Index is a particular topological index. These indices are 

tools used to analyse the behaviours of compounds on a 

theoretical level in chemistry. They allow for the prediction 

of physio-chemical properties such as the viscosity of a 

substance. Mathematically, the topological index is 

obtained from graph theory and is a numerical invariant. 

Translating chemical compounds into chemical graphs 

results in a mathematical object which we are able to 

analyze using graph theory. Topological indices seek to 

turn these chemical graphs into numbers that represent the 

topology of the molecular graph. These numbers allow for 

the study of relationships between the molecule’s topology, 

chemical graph, reactivity, physical properties, chemical 

properties, and much more. The computation of the Wiener 

index will be explored more in depth below.  

Graph Theory 

Applying graph theory in chemistry results in the 

interdisciplinary field called molecular topology or 

chemical graph theory.  

Graphs can be transformed into matrices. The ones that we 

will be using are adjacency matrices and graph distance 

matrices. 

The adjacency matrix is a table that shows which vertices 

are connected by an edge (adjacent to each other). It is 

defined as a matrix with only 1 and 0 with the diagonal 

being always 0 if the graph does not contain loops. The 

rows and columns of the matrix represent the vertices of 

the graph. If the vertex on row i is adjacent to the vertex j, 

then the entry for that ij will be 1, otherwise it is 0. 

 

 

Consider the following example: 

 

Figure 1. Adjacency matrix of the rectangle ABCD. 

The distance matrix is a table that shows the distance 

between 2 objects (usually takes the shortest path). In our 

case, the 2 objects are vertices. The distance that connects 

the vertices in graph theory is an edge and is counted as +1 

for each.  

Consider the previous example:  

 

Figure 2. Distance matrix of the rectangle ABCD. 

Wiener Index 

Basic Definition 

In chemical graph theory, the Wiener index, named after 

Harry Wiener, is a topological index that is defined as the 

sum of the minimum distance between all pairs of vertices 

in a finite connected graph. All edges have a weight of 1, 

which represents the distance between 2 vertices. We will 

be deriving 3 expressions for the Wiener index.  

Let 𝐺 = (𝑉, 𝐸) a finite connected graph, where V is the 

vertices, and E the edges. 

Let 𝐷𝐺(𝑢, 𝑣) be the minimum distance (edges) between the 

vertices 𝑢, 𝑣 ∈  𝑉 on G. 



 

 

 

 

The Wiener Index of this graph is defined as: 

𝑊(𝐺) =  ∑ 𝐷𝐺(𝑢, 𝑣)

{𝑢,𝑣}⊆𝑉

(1)  

In this definition, the path is not repeated twice. However, 

in some definitions of the Wiener index, it is repeated. Each 

edge is counted as 1 when adding the distance between 2 

vertices. For example, If the shortest path uses 2 edges to 

connect 2 vertices, then the distance is 2.  

In definition (2) of the Wiener index, when taking all the 

shortest possible paths, we obtain the same path twice. 

More precisely, it is the same path, but in opposite 

directions. The direction of the path is not important for the 

basic definition of the Wiener Index, that is why we will 

divide the sum of all the distances by 2. 

Let 𝐺 = (𝑉, 𝐸) a finite connected graph, where V is the 

vertices, E the Edges. 

Let 𝐷𝐺(𝑣) be the sum of all minimum distances (edges) 

between v and all other vertices of G. 

𝑊(𝐺) =
1

2
∑𝐷𝐺(𝑣)

𝑣∈𝑉

(2)  

The ½ is due to overcounting the same path u,v both in 

𝐷𝐺(𝑣) and 𝐷𝐺(𝑢). 

For facilitated computation in chemistry, use matrices.  

The Wiener index would be defined as follows:  

● Let 𝐺 be a finite connected graph.  

● Let 𝐷𝑖𝑗(𝐺) be the distance matrix (previously 

defined).   

The Wiener Index of this graph is defined as (based on 

equation 2): 

𝑊(𝐺) =
1

2
∑ ∑𝐷𝑖𝑗(𝐺)

𝑖𝑗

(3)  

We apply ½ for the same reason as equation 2.  

Lower Bound 

For sections 2 and 3 define G as a connected graph. 

For sections 2 and3 represent |𝑉(𝐺)|, |𝐸(𝐺)|  by the 

variables n and m respectively.  

From this, we can derive the following inequality:  

𝑊(𝐺) ≤ 𝑊(𝑇) (4)  

This will help us find the upper and lower bounds.  

The lower bound of the Wiener index of a connected graph 

G is given by: 

𝑊(𝐺) ≥
𝑛(𝑛 − 1)

2
 (5)  

Proof:  

Kn is a complete Graph.  

For a finite connected graph (lower than T), the lowest 

Wiener index is when all the vertices are connected, such 

that it is a complete graph Kn. That is because the distance 

between all vertices is 1 in a complete graph. This means 

that a finite connected graph with n vertices will have the 

lowest Winer index if these n vertices are configured as a 

complete graph Kn. This is the reason why we take the 

complete graph to find the lower bound of the Wiener 

index.   

𝑊(𝐺) ≥ 𝑊(𝐾𝑛) (6)  

In a complete graph the Wiener index is defined as:  

𝑊(𝐾𝑛) =
𝑛(𝑛−1)

2
(7)  

Lemma: For any complete graph Kn, the Wiener index can 

be defined as: 

𝑛(𝑛 − 1)

2
(8) 

  

Use definition 3 to prove this: 

𝑊(𝐾𝑛) =
1

2
∑ ∑𝐷𝑖𝑗(𝐾𝑛)

𝑖𝑗

(9) 

𝐷𝑖𝑗(𝐾𝑛) = [
0 ⋯ 1
⋮ ⋱ ⋮
1 ⋯ 0

] (10) 

In this matrix, all entries are 1 except the diagonal. 

𝐷𝑖𝑗(𝐾𝑛) is of size n x n. 

Add up all the entries in the rows.  

∑ 𝐷𝑖𝑗(𝐾𝑛)

 

𝑖

= ∑ [
0 ⋯ 1
⋮ ⋱ ⋮
1 ⋯ 0

]

 

𝑖

 

= [𝑛 − 1   𝑛 − 1   𝑛 − 1 ⋯   𝑛 − 1] (11) 
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∑ 𝐷𝑖𝑗(𝐾𝑛) 
𝑖  is of size n x 1. 

∑∑ 𝐷𝑖𝑗(𝐾𝑛)

 

𝑖

 

𝑗

= ∑[𝑛 − 1   𝑛 − 1   𝑛 − 1 ⋯  𝑛 − 1]

 

𝑗

  

= 𝑛(𝑛 − 1) (12) 

1

2
∑∑ 𝐷𝑖𝑗(𝐾𝑛)

 

𝑖

 

𝑗

 =
1

2
 𝑛(𝑛 − 1)  

𝑊(𝐾𝑛) =
1

2
 𝑛(𝑛 − 1) (13) 

𝑊(𝐾𝑛) =
𝑛(𝑛 − 1)

2
(14) 

Because Kn gives the lowest Wiener index for n vertices, a 

connected graph with n vertices cannot be lower than the 

Wiener index of Kn. That is why, for any connected graph 

G, the lower bound for the Wiener index is defined as 

follows:  

𝑊(𝐺) ≥
𝑛(𝑛 − 1)

2
 (15) 

In section 3, the lower bound is defined slightly differently.  

𝑊(𝐺) ≥ 𝑛(𝑛 − 1) − 𝑚 (16) 

Proof:  

Take vertices u, v. If they are neighbors, then 𝐷𝐺(𝑢, 𝑣) =

1. Otherwise, 𝐷𝐺(𝑢, 𝑣) ≥ 2. Use counting to find the 

minimum Wiener index for G:  

● In graph G, there are exactly m pairs of neighbors. 

Each neighbor has a distance of 1.  

● In graph G, there are exactly (𝑛 2 ) different unordered 

pairs of vertices u,v in total (including the neighbors). 

Each pair of vertices (not neighbors) has at least a 

distance of 2. 

From this, we can find an expression for the lower bound: 

𝑊(𝐺) ≥ 𝑚 + 2((𝑛 2 ) − 𝑚) 

𝑊(𝐺) ≥ 𝑛(𝑛 − 1) − 𝑚 (17) 

Upper Bound 

The lower and upper bound of the Wiener index of a 

connected graph G is given by: 

𝑛(𝑛 − 1) − 𝑚 ≤ 𝑊(𝐺) ≤
𝑛3 + 5𝑛 − 6

6
− 𝑚 (18)   

The left side of the inequality (the lower bound) has already 

been proven in section 2. Prove the right side of the 

inequality (the upper bound).  

𝑊(𝐺) ≤
𝑛3 + 5𝑛 − 6

6
− 𝑚 (19)   

Proof:  

Pn is the path graph (linear): 

For a finite connected graph, the highest Wiener index is 

when all the vertices are connected in a line. That is 

because the distance is the highest between 2 vertices when 

taking the distance between the first vertex of the line and 

the end vertex of the line. This means that a finite 

connected graph with n vertices will have the highest 

Wiener index possible if these n vertices are configured in 

a line. This is the reason why we take Pn to find the upper 

bound of the Wiener index.   

𝑊(𝐺) ≤ 𝑊(𝑃𝑛) (20)  

In a path graph, the Wiener index is defined as: 

 𝑊(𝑃𝑛) =
𝑛3 − 𝑛

6
=

𝑛3 + 5𝑛 − 6

6
− 𝑚 (21) 

Lemma:  For any complete graph Pn, the Wiener index can 

be defined as  
𝑛3−𝑛

6
=

𝑛3+5𝑛−6

6
− 𝑚. 

Use definition 3 to prove this: 

        𝑊(𝑃𝑛) =
1

2
∑∑ 𝐷𝑖𝑗(𝐾𝑛)

 

𝑖

 

𝑗

  (22) 

𝐷𝑖𝑗(𝑃𝑛) =

[
 
 
 
 
 

0 1 2 3 ⋯ 𝑛 − 1
1 0 1 2 ⋯ 𝑛 − 2
2 1 0 1 ⋯ 𝑛 − 3
3 2 1 0 ⋯ 𝑛 − 4
⋮ ⋮ ⋮ ⋮ ⋱ ⋮

𝑛 − 1 𝑛 − 2 𝑛 − 3 𝑛 − 4 ⋯ 0 ]
 
 
 
 
 

 

The diagonal is 0. 

𝐷𝑖𝑗(𝐾𝑛) is size n x n. 

Add up all the entries in the rows.   

∑ 𝐷𝑖𝑗(𝑃𝑛) = 𝐵(𝑘)

 

𝑖

(23) 

  



 

 

 

 

= 2∑

[
 
 
 
 
 

0 1 2 3 ⋯ 𝑛 − 1
1 0 1 2 ⋯ 𝑛 − 2
2 1 0 1 ⋯ 𝑛 − 3
3 2 1 0 ⋯ 𝑛 − 4
⋮ ⋮ ⋮ ⋮ ⋱ ⋮

𝑛 − 1 𝑛 − 2 𝑛 − 3 𝑛 − 4 ⋯ 0 ]
 
 
 
 
 

 

𝑖

 

= 2 [∑ 𝑛

 𝑛−1

𝑛=1

  ∑ 𝑛

 𝑛−2

𝑛=1

  ∑ 𝑛

 𝑛−3

𝑛=1

 . . . ∑ 𝑛

 𝑛−𝑛

𝑛=1

   ] (24) 

∑𝐷𝑖𝑗(𝑃𝑛) 

 

𝑖

𝑖𝑠 𝑜𝑓 𝑠𝑖𝑧𝑒 𝑛 × 1 

1

2
∑∑ 𝐷𝑖𝑗(𝑃𝑛)

 

𝑖

 

𝑗

 (25) 

=
1

2
∙ 2∑[(∑ 𝑛

 𝑛−1

𝑛=1

)(∑ 𝑛

 𝑛−2

𝑛=1

)(∑ 𝑛

 𝑛−3

𝑛=1

) . . . (∑ 𝑛

 𝑛−𝑛

𝑛=1

) ]

 

𝑗

  

= ∑ ∑ 𝑛

 𝑛−𝑖

𝑛=1

 𝑛

𝑖=1

(26)   

1

2
∑ ∑𝐷𝑖𝑗(𝑃𝑛)

 

𝑖

 

𝑗

 = ∑ ∑ 𝑛

 𝑛−𝑖

𝑛=1

 𝑛

𝑖=1

  (27)  

𝑊(𝑃𝑛) = ∑
(𝑛 − 𝑖)(𝑛 − 𝑖 + 1)

2

 𝑛

𝑖=1

 (28) 

𝑊(𝑃𝑛) = ∑
𝑛2 − 2𝑖𝑛 + 𝑛 + 𝑖2 − 𝑖

2

 𝑛

𝑖=1

  

𝑊(𝑃𝑛) =
1

2
∑𝑛2 − 2𝑖𝑛 + 𝑛 + 𝑖2 − 𝑖

 𝑛

𝑖=1

  

𝑊(𝑃𝑛) =
1

2
(∑𝑛2

 𝑛

𝑖=1

− ∑2𝑖𝑛

 𝑛

𝑖=1

+ ∑ 𝑛

 𝑛

𝑖=1

 + ∑ 𝑖2
 𝑛

𝑖=1

− ∑𝑖

 𝑛

𝑖=1

  ) (29) 

  

Evaluate each sum and expand everything: 

𝑊(𝑃𝑛) =
1

2
(𝑛3 − (𝑛3 + 𝑛2) + 𝑛2 +

2𝑛3+3𝑛2+𝑛

6
−

𝑛2+𝑛

2
)  

𝑊(𝑃𝑛) =
1

2
(
2𝑛3 + 3𝑛2 + 𝑛

6
−

𝑛2 + 𝑛

2
) 

𝑊(𝑃𝑛) =
𝑛3−𝑛

6
(30)  

In 𝑃𝑛 ,    𝑚 = 𝑛 − 1 

𝑊(𝑃𝑛) =
𝑛3+5𝑛−6

6
− (𝑛 − 1) (31)  

𝑊(𝑃𝑛) =
𝑛3+5𝑛−6

6
− 𝑚 (32)  

Because Pn gives the highest Wiener index for n vertices, a 

connected graph with n vertices cannot be higher than the 

Wiener index of Pn. That is why, for any connected graph 

G, the upper bound for the Wiener index is defined as 

follows:  

𝑊(𝐺) ≤
𝑛3 + 5𝑛 − 6

6
− 𝑚 (33) 

Now that both the upper and lower bounds have been 

proven, the bounds for the Wiener index can be 

summarized by: 

𝑛(𝑛 − 1) − 𝑚 ≤ 𝑊(𝐺) ≤
𝑛3+5𝑛−6

6
− 𝑚 (34)  

Wiener Index in Chemistry and 

Applications 

Linear Compounds 

The Wiener Index was originally created by a chemist for 

alkane molecules. Alkane molecules are molecules that are 

non-cyclic and that are fully saturated. As previously 

explained, the calculation of the Wiener index will be done 

using a distance matrix. In addition, the vertices will be the 

carbon atom, and the edges will be the carbon-carbon 

single bond (C-C). The hydrogen bonds are ignored in the 

Wiener index; only the carbon bonds are considered.  

Consider the following example: n-butane.  

 

Figure 3. Skeletal structure of n-butane. 

To calculate the Wiener Index, find the sum of the distances 

(edge or C-C) of all paths between carbon atoms. The 

distance of C-C = 1 since they are considered edges, and 

based on the definition of the distance matrix, each  

edge = 1. 
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1 → 2 = 1                       1 → 3 = 2                1 → 4 = 3 

2 → 3 = 1                       2 → 4 = 2  

3 → 4 = 1 

From the definition of the Wiener index, this would be the 

half we take into consideration, but if we consider ALL 

paths: 

4 → 3 = 1     4 → 2 = 2     4 →1 = 3 

3 → 2 =1      3 → 1 = 2  

2 → 1 = 1 

Because the paths are the same as the ones above, these 

paths are not summed up (equivalent to dividing by 2). 

Summing up the distances, we get:  

(3 × 1) + (2 × 2) + (1 × 3) = 10 

The Wiener index for n-butane is 10. 

The Wiener index can be computed depending on the kind 

of molecules we are dealing with. More precisely, it 

depends on the molecular graph which represents the 

molecule. If this graph is linear, it is possible to calculate it 

easily (shown below), but if it was substituted, which is the 

equivalent of a simple connected graph, then it will most 

likely be calculated using the matrix definition of the 

Wiener index. It is most likely possible for a cyclic graph 

Cn as well, but it is not proven in this paper.  

For linear (Pn): proof is shown in section Upper Bound  

𝑊(𝑃𝑛) =
𝑛3−𝑛

6
  

Plug in n = 4 for butane and you would see that  

W(P4) = 10.  

Algorithms 

The good news is that molecules cannot form infinitely 

long chains. There is a limit to how many neighbors a 

carbon atom can have (max 4). This means that molecules 

are finite and can be computed using the distance matrix. 

The time complexity of the algorithm for the Wiener index 

is O(mn) where m is the number of edges and n is the 

number of vertices.  

Most algorithms that calculate the Wiener index use a 

distance matrix in some way. Bojan Mohar and Tomaz 

Piskanski’s ”How to Compute the Wiener Index of a 

Graph” discusses the possibility of calculating the Wiener 

index without the distance matrix, possibly a shorter way 

of computing it. 
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