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About the Cover 
The cover of this issue was originally submitted to 
SPACE annual photography competition in 2022 by 
Isabella Ruvo, who at the time was a member of 
Dawson’s Enriched Health Science program. This image 
reveals the mesmerizing patterns and astonishing details 
that can be observed when we examine the world through 
a different lens, much like the scientific articles displayed 
in this journal.  

Original accompanying caption: “This is an image of a 
Dicotyledon reproductive system. This specifically shows 
the ovaries with the egg. Figuratively, this represents the 
intersection of the sperm and egg that produce offspring. 
The combination of two things to create new life. In a 
literal sense, there is the physical crossing of the cells to 
create wonderful spirals and intersections. It really shows 
how nature creates beautiful and interesting designs. 
Biology helps us discover these emerging properties of 
life. The intersection of beauty, nature and science.” 

Letter from the Editors 
The arrival of the COVID-19 pandemic put a screeching 
halt to many projects, including the continuation of this 
journal. DrJES, as a proud student-led initiative, has been 
ongoing since 1999, though not continuously — there 
exist gaps of a year, three years, and now, five years. But I 
believe this speaks only to the perseverance of Dawson 
students and their will to maintain this Herculean task of 
organizing and publishing a scientific journal, just as they 
stand on the cusps of their own academic lives. It speaks 
to our determination, and most importantly, it speaks to 
the passion for science and the pursuit of knowledge that I 
hope this journal inspires in you, dear Readers.   

Thus, as the head editor of the 15th Edition of DrJES, I 
am proud to present the first publication since 2019. This 
edition is also the longest in DrJES history, standing at 59 
pages. Instead of excluding appendices in favour of 
brevity, we included them in hopes of creating a 
self-contained journal that presents a well-rounded view 
of the brilliant student work at Dawson. Thanks to 
funding acquired from the Dawson College Foundation’s 
Student Academic Growth and Enrichment Fund, this is 
also the first edition in a few years to have physical 
printed copies instead of being purely digital. 

Of course, a behemoth like this project is not a one-man 
job. The authors of the articles in this edition went above 
and beyond their usual program curriculum, and without 
them, this journal would only be blank A4 pages. I'd like 
to extend my thanks to our referees, all professionals from 
various fields, who gave valuable feedback and their 
stamps of approval for these papers to appear in this 
journal. I would further like to thank Andrew Stewart, the 
chief staff editor, for his unwavering support of the 
project, dealing with much bureaucracy, and editing 
physics papers that are too far above my pay grade as a 
mere Health Science student. Finally, and most 
importantly, I would like to thank my lovely team of 
editors, who took time out of their very busy lives to read, 
format, and meticulously edit all these complex academic 
papers. Despite my many irritating reminders about due 
dates, they have not yet staged a mutiny.  

With that, I leave you to enjoy the culmination of many 
months of hard work, tears, and wrestling with Google 
Docs.  

Happy reading! 

Xintong (Spencer) Hou 

Editor-in-Chief, 2024-2025 

Editors 

Alexandra-Teodora Sofinet, Cathy Zheng, Emilie 
Theberge, Jacob Garcia Rabinovitch, Molly Socran, 
Nadira Zibirov, Odaya Azoulay de Courten, Olivia 
Lungu, Thomas Deleuze-Bisson, Yedda Blanco Caruzzo, 
Emeline Tchung (Social Media Manager).  
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Optimizing Cyclotron Chamber 
Geometry 
A Study of Particle Dynamics and Radiation in Weak-Focusing Magnetic 
Environments 

Alhasan Shnoot, Ana Torres, Nadim Boukhira 

Abstract — Considering the principles of electricity and magnetism, we investigate betatron particles focusing on a plane and 
how to shield against radioactive emissions. We derive the dimensions of the chamber while employing both qualitative and 
quantitative approaches to describe the kinetic and radiation dynamics of particles in a cyclotron. 

Introduction 
“The principle of science, the definition, almost, is the 
following: The test of all knowledge is experiment. 
Experiment is the sole judge of scientific ‘truth.’”1 

Between theoretical and experimental physics, to ask which 
of the two preceded the other is in some ways no different 
than asking which came first: the chicken or the egg? It is 
senseless to ponder such questions. Theory is verified by 
experiment, and experiments are interpreted by theory. It 
should thus come as no surprise that both fields are 
codependent. It is through this symbiosis that, in this paper, 
we delve into the theory in designing an experimental 
component — a cyclotron chamber.  

As part of the BICEPs (Bi-Institutional Cyclotron for 
Experimental Physics) project, we endeavour to elucidate 
the quantitative and qualitative theory involved in designing 
a cyclotron chamber for some desired exit beam energy. In 
ideal cyclotrons, particles are assumed to emerge and move 
like a beam in a plane parallel to the floor and ceiling of the 
chamber. In reality, particle emergence is more akin to that 
of a hose spray. This would prove disastrous, as particles 
risk colliding with the chamber walls, thereby decelerating 
and releasing Bremsstrahlung radiation. It is thus also of 
paramount importance to account for radiation shielding 
when designing a cyclotron.  

Thus, the objectives of this paper are twofold: to describe 
betatron particle focusing and to discuss the theory regarding 
radioactive shielding.  

BICEPs is a student-led initiative dedicated to the 
construction of a functional cyclotron. The idea to build a 
cyclotron finds its origins as an experimental proposal for 
CERN’s Beamline For Schools (B4LS) competition under 
DawsonHEP. The plan, however, was quickly discarded for 

1 Feynman, R. P. (1964). The Feynman Lectures on Physics 
(Vol. 1). Addison-Wesley. p. 1-2. 

being extremely unrealistic at the time. The idea was 
revitalized again in Fall 2023 and has since evolved into a 
genuine project made possible only by the passion that 
interested students share. In the face of such a challenging 
endeavour, this paper hopes to showcase not only its subject 
of inquiry but also the unwavering resolve of students.  

Henceforth, the reader is invited to note that, above all else, 
this paper serves as a love letter to the discipline of physics. 

Chamber radius derivation 
The performance of a cyclotron is the measure of the particle 
beam’s exit energy in MeV. Given a desired performance 
and that , one can derive the 1𝑀𝑒𝑉 =  1. 6022 · 10−13𝐽
speed of the exiting particle beam by isolating v in the 
expression for kinetic energy 

  𝐾 = 𝑚𝑣2

2 ⇒ 2𝐾
𝑚

 

The velocity vector of the particle beam is tangential to its 
spiral path along the chamber, thus .   𝑣

→
 = 𝑣

→

θ

Now, we want to derive an expression for the cyclotron 
radius, given some magnetic field. We want to obtain an 
expression as a function of the present magnetic field and 
the existing particle speed. For starters, recall from circular 
motion that  

  𝑣
θ

= ω𝑟 (1) 

Let us derive an expression for the angular velocity in terms 
of the magnetic field and the radius.  

We define the median plane of the chamber to be the plane 
formed by the tangential and radial axes, parallel and 
equidistant to the chamber’s floor and ceiling. A charged 
particle travelling at some velocity  within this plane, upon 𝑣
encountering an axial magnetic field, undergoes a magnetic 
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force directed radially inward towards the chamber’s axis. 
This force arises from the cross product between the 
particle’s velocity vector and the magnetic field vector and 
can be defined thusly, assuming no other forces.  

  𝐹
𝐵

→
= 𝑚𝑎

→
= 𝑞 𝑣

→
 × 𝐵

→( ) (2) 

Since the centripetal force is the magnetic force, we obtain 
the following  

  
𝑚𝑣

θ
2

𝑟 = 𝑞𝑣
θ
𝐵  

It then suffices to isolate  to find the radius  𝑟

  𝑟
𝑐𝑦𝑐

=
𝑚𝑣

𝑡ℎ𝑒𝑡𝑎

𝑞𝐵
(3) 

Thus, we have obtained an expression that, for a given 
performance and magnetic field, yields the corresponding 
radius for the cyclotron chamber [10]. 

Ion particle motion 

 

Figure 1:  Ideal trajectory of accelerated particles in the median 
plane of the cyclotron. 

In an ideal cyclotron, ions should emerge and accelerate 
parallel to and within the median plane, as shown in Figure 
1. In reality, ions tend to emerge at an angle away from the 
midplane, resembling more of a hose-spray of particles. This 
is very problematic: particles will collide with the chamber’s 
walls and thus lose momentum in the process, thereby 
diminishing the cyclotron’s performance. We are required to 
address this issue by focusing particle motion about the 
median plane.  

To focus particles about the median plane, one may 
manufacture a dipole magnet that generates a weak-focusing 
magnetic field. Such a field has the properties of weakening 
and bulging radially outwards, making the field uniquely 
axial at the median plane. Above or below the plane, a radial 
component arises in the magnetic field, which generates a 

restoring magnetic force by the cross product  that 𝑞 𝑣
→

 × 𝐵
→( )

is consistently directed towards the median plane. 
Consequently, particles undergo an oscillatory motion 
focused about the median plane. This oscillatory motion is 
termed Betatron motion. 

Quantifying Betatron motion 
A quantitative analysis of betatron motion will follow from 
various assumptions, of which two must be emphasized:  

1.​ Particles are assumed to travel at a constant 
velocity.  

2.​ Radial and axial motions may be treated 
independently from each other.  

The first assumption is made because the periods of betatron 
motions are comparable to the periods of revolution; many 
turns must occur before any significant change of energy can 
develop, thereby justifying our assumption and considerably 
simplifying the analysis. The second assumption consists of 
an approximation typically done for weak focusing devices 
to simplify calculations.  

Before moving on to discuss orbital stability, we shall define 
one more parameter - the field index (n) :  

  𝑛 = 𝑟
𝐵

δ𝐵
δ𝑟  (4) 

for which there are three cases  

  𝑛 > 0 ⇒  δ𝐵
δ𝑟 < 0  

  𝑛 < 0 ⇒  δ𝐵
δ𝑟 > 0  

  𝑛 = 0 ⇒  δ𝐵
δ𝑟 = 0  

The field index is a unitless parameter which quantifies the 
focusing strength of the magnetic field on charged particles 
as they traverse the accelerator. It indicates how rapidly the 
magnetic field strength changes with respect to the particle 
trajectory radius, which will prove to be useful in our 
analysis. 
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Axial stability 

 

Figure 2:   Side View of a particle going into the page in a 
weak-focusing magnetic field environment. Notice that at z=0, the 
magnetic field is uniquely axial. The radial component of the 
magnetic field increases with axial distance. 

Consider the radial magnetic field function . Starting 𝐵
𝑟
(𝑧)

from , let’s find its Maclaurin expansion evaluated at 𝑚 = 1
the median plane where : 𝑧 = 0

  𝐵
𝑟
(𝑧) =  

𝑚=1

∞

∑
𝐵

𝑟
(𝑚)(𝑧)

𝑚! 𝑧  

        =  𝑧 
δ𝐵

𝑟

δ𝑧( )|
𝑧=0

+ 𝑧2

2!

δ2𝐵
𝑟

δ𝑧2( )| 
𝑧=0

+  ...   

In Figure 2, we predict that the gap between the magnet 
poles would be small, so we approximate the rate of change 
of the radial component of the magnetic field (∂Br) with 
respect to the axial change (∂z) to be linear, yielding  

  𝐵
𝑟
(𝑧) ≈  𝑧 

δ𝐵
𝑟

δ𝑧( )|
𝑧=0

 

From Maxwell’s equations, . Considering axial ∇ × 𝐵 = 0
symmetry and that evaluation is being done at , we 𝑧 = 0
make the following inference: 

  =
δ𝐵

𝑟

δ𝑧 |
𝑧=0

=
δ𝐵

𝑟

δ𝑟 |
𝑧=0

⇒
δ𝐵

𝑧

δ𝑟 = δ𝐵
δ𝑧

 

and therefore  

  𝐵
𝑟
(𝑧) = 𝐵

𝑟
=  𝑧 δ𝐵

δ𝑟 (5) 

Thus,  can be isolated in (4) and then plugged into (5), δ𝐵
δ𝑟

which yields  

  𝐵
𝑟

=−
𝑛 𝐵

𝑧

𝑟
(6) 

By (2), a particle at a distance  from the median plane 𝑧
travelling with constant velocity  experiences an axial force 𝑣

. If the sign of the particle’s charge, the direction of its 𝑞𝑣𝐵
𝑟

motion, and the orientation of the field are such that an orbit 
about the magnetic axis is produced, then the direction of  𝐵

𝑟
is such that always points towards the median plane.  𝑞𝑣𝐵

𝑟

Now, we can derive the axial equation of motion. Plugging 
(6) into (2), we obtain  

  𝑚 𝑑2𝑧

𝑑𝑡𝑡 =− 𝑞𝑣
θ
𝑛𝐵 𝑧

𝑟 =− 𝑞ω𝑛𝐵
𝑧
  

From (3), we know that  

  𝑚 = 𝑟𝑞𝐵
𝑣

θ
 = 𝑞𝐵

ω   

Making this substitution and bringing the left-hand side to 
the right-hand side, we obtain the Kerst-Serber equation for 
axial betatron motion 

  𝑑2𝑧

𝑑𝑡2 + ω2𝑛𝑧 = 0 (7) 

Besides the trivial solution , we predict that particle 𝑧 =  0
motion would be oscillatory about the median plane. A 
solution to (7) describing such motion is the following 
sinusoidal 

  𝑧 =  𝑧
𝑚𝑎𝑥

sin(ω𝑡 𝑛) (8) 

Which indicates that the particle oscillates about the median 
plane with an amplitude . This is very useful, as by 𝑧

𝑚𝑎𝑥
knowing the amplitude, one can then determine the height of 
the chamber.  

Interestingly, (7) places no upper limit on the value of , 𝑛
which must be positive: the greater the value of , the 𝑛
greater the axial restoring force  is. ω2𝑛𝑧

Radial stability 

We will first describe an equation of motion with the 
magnetic force acting to reduce the radius in the following 
form, in polar coordinates:  

  𝑚𝑎
𝑟

=− 𝑞𝑣
θ
𝐵

𝑧
 (9) 

Radial acceleration, in polar coordinates, can be defined as  

  𝑎
𝑟

= 𝑑2𝑟

𝑑𝑡2 − 𝑟 𝑑θ2

𝑑𝑡  

Recalling (1), we rewrite radial acceleration  
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  𝑎
𝑟

= 𝑑2𝑟

𝑑𝑡2 −
𝑣

θ
2

𝑟
(10) 

We now plug in (9) into (8) whilst restricting motion to the 
median plane only, such that we have , and thereby 𝐵

𝑧
 =  𝐵

obtain the equation of motion 

  𝑚 𝑑2𝑟

𝑑𝑡2 − 𝑚
𝑣

θ
2

𝑟 =− 𝑞𝑣
θ
𝐵 (11) 

One possible solution to this equation is setting  to be 𝑟

constant, in which case  and thus we obtain the 𝑑2𝑟

𝑑𝑡𝑡 = 0,

ideal cyclotron equation seen in (3).  

Now, we must ask: is the particle’s orbit stable? That is, if a 
particle experiences a radial deviation from its circular 
displacement, will it return to its former trajectory? Let’s 
verify. Let  

  𝑟 = 𝑟
𝑒

+ 𝑥 ;  𝑥 ≪  𝑟
𝑒
 (12) 

where  is a small deviation from the equilibrium circular 𝑥
orbit of constant radius . We then substitute (12) into (11), 𝑟

𝑒
after moving the right-hand side to the left-hand side 

  𝑚 𝑑

𝑑𝑡2 𝑟
𝑒

+ 𝑥( ) − 𝑚
𝑣

θ
2

𝑟
𝑒
+𝑥 + 𝑞𝑣

θ
𝐵 = 0  

where . Now, because , we 𝐵
𝑥

= 𝐵(𝑟) = 𝐵(𝑟
𝑒

+ 𝑥) 𝑥 ≪ 𝑟

can apply the binomial theorem on  1
𝑟

𝑒
+𝑥

  1
𝑟

𝑒
+𝑥 = 1

𝑟
𝑒

1+ 𝑥
𝑟

𝑒
( ) ≈ 1

𝑟
𝑒

1 − 𝑥
𝑟

𝑒
( )  

And we rewrite the motion equation  

  𝑚 𝑑2𝑥

𝑑𝑡2 −
𝑚𝑣

θ
2

𝑟
𝑒

1 − 𝑥
𝑟

𝑒
( ) + 𝑞𝑣

θ
𝐵 = 0  

But  and , therefore we rewrite again 
𝑚𝑣

θ
2

𝑟
𝑒

= 𝐵
𝑒 

𝐵
𝑥

= 𝐵
𝑒

𝑥
𝑟

𝑒

  𝑚 𝑑2𝑥

𝑑𝑡2 𝐵
𝑥

− 𝐵
𝑒( )𝑞𝑣 − 𝑞𝑣

θ
𝐵

𝑒
𝑥
𝑟

𝑒
= 0  

Radial dependence of the field for small deviations can be 
expressed under a Taylor expansion  

   𝐵
𝑥

= 𝐵
𝑒

+ 𝑥 𝑑𝐵
𝑑𝑟  

Then, by using the approximation from (1), we write the 
equation of motion  

  𝑑2𝑥

𝑑𝑡2 −
𝑟

𝑒

𝐵
𝑒

𝑑𝐵
𝑑𝑟 ω2𝑥 + ω2𝑥 = 0  

In which we recall from (4), that the field index in the 

neighbourhood of  is  which yields  𝑟
𝑒

𝑛 =−
𝑟

𝑒

𝐵
𝑒

𝑑𝐵
𝑑𝑟

  𝑑2𝑥

𝑑𝑡2 − 𝑛ω2𝑥 + ω2𝑥 = 0  

We can rewrite this expression to finally obtain the 
Kerst-Serber equation for radial betatron motion 

  𝑑2𝑥

𝑑𝑡2 + ω2(1 − 𝑛)𝑥 = 0 (13) 

As in the axial case, besides the trivial solution  , we 𝑥 =  0
predict that the particle would oscillate about the equilibrium 
radius. A solution to (13) describing such motion is the 
following sinusoidal function  

  𝑥 =  𝑥
𝑚𝑎𝑥

sin ω𝑡 1 − 𝑛( )  

The amplitude in this case is not as useful, as radial 
deviations are expected to be weak. The main interest lies in 
the field index.  

Conversely to the axial case, (13) shows that in the radial 
focusing case, there is no lower limit on the value of n. It is 
only required that  remains below a value of 1 for radial 𝑛
stability. The smaller the  value, the greater the radial 𝑛
restoring force.  

Complete transverse stability 

We have shown, in investigating stability for both the axial 
and radial cases, that complete transverse stability can only 
exist for a field index range of  

  0 < 𝑛 < 1  

This insight is crucial for the design process. As the chamber 
design goes hand in hand with the magnet’s, this information 
would prove invaluable in the design process when trying to 
achieve weak focusing to induce betatron motion. By 
understanding the limitations and parameters of stability, 
designers can effectively tailor their approaches to achieve 
desired outcomes in particle acceleration and confinement 
[6]. 

Dees and RF system 
At the core of every cyclotron lies the dees, a pair of hollow, 
semi-circular electrodes that form a crucial part of the 
particle acceleration process. They are energized by a 
radiofrequency (RF) power source, which refers to the 
system providing high-frequency electromagnetic fields 
[10]. As charged particles traverse the gap between the dees, 
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they are accelerated by alternating electric fields generated 
by the RF system. This timing is critical; the RF voltage 
must switch polarity at just the right instant to ensure that 
the particles gain energy with each revolution [8]. To 
generate the intended spiral movement, the polarities of 
these dees have to be reversed in a time interval T 2, where 
T is the period of revolution of the accelerated particle. The 
frequency at which the charged particles gyrate around the 
magnetic field, also known as the cyclotron frequency, is 
denoted by . The relation between these variables can be 𝑣

𝑐
derived as follows. From (3), we know the angular velocity 
of rotation be ω to be  

  ω =
𝑞𝐵

𝑧

𝑚
 

Knowing that , we can define the cyclotron 𝑇 = 2π
ω

frequency  as 𝑣
𝑐

  𝑣
𝑐

= 1
𝑇 =

𝑞𝐵
𝑧

2π𝑚
(14) 

Representing the applied voltage by , we can formulate 𝑣
𝑎

the requirement to be  

  𝑣
𝑎 

= 𝑣
𝑐
  

This condition, referred to as the resonance condition, is 
essential in ensuring efficient energy transfer from the RF 
system to the charged particles within the cyclotron. When 
the frequency of the applied RF voltage matches the 
cyclotron frequency, resonance occurs, leading to maximal 
energy transfer to the particles with each revolution. It is 
also worth pointing out that the time for one revolution of 
the charged particle is independent of its speed or the radius 
of its orbit. 

Radiation Shielding 
In constructing a cyclotron, shielding against radiation 
emitted by accelerated particles is essential for safe 
operation. The following sections delve into the sources of 
radiation and the methods for determining appropriate shield 
thickness. 

Radiation sources 

When constructing a cyclotron, careful consideration must 
be given to the electromagnetic radiation emitted by 
accelerated charged particles.  

One example of such radiation is the Bremsstrahlung 
radiation. As the moving particle, the lost kinetic energy gets 
converted into radiation, satisfying the law of conservation 
of energy [5]. In the context of the construction of a classical 
cyclotron, we would only be dealing with cyclotron 
radiation, which refers to the radiation emitted by 

non-relativistic particles deflected by a magnetic field, and 
not synchrotron radiation, which refers to that of relativistic 
particles. These two types of radiation have the same 
physical origin but produce very different spectra and are 
thus considered separate phenomena [2][7].  

Concepts about the acceleration of the charged particle as 
well as about radiation are needed to derive the formula 
describing the power of said cyclotron radiation depending 
on a variety of factors.  

As discussed earlier, a charged particle traveling at a 
velocity  within the median plane, upon 𝑣 = 𝑣

θ
 

encountering an axial magnetic field, experiences a magnetic 
force directed radially inwards towards the chamber’s axis, 
described in (2). From this, we derive the radial acceleration 
to be  

 

  𝑎
𝑟

=
𝑞𝑣

θ
𝐵

𝑚
(15) 

for a particle mass .  𝑚

Power is given by Larmor’s formula, which is used to 
calculate the total power radiated by a non-relativistic point 
charge as it accelerates. In this form, using SI units,  is the µ

0
permeability of free space, quantifying the strength of the 
magnetic field emitted by an electric current [3]:  

  𝑃 =
µ

0
𝑞2𝑎2

6π𝑐
(16) 

Plugging (15) into (16), we obtain  

  𝑃 =
µ

0
𝑞2𝑎2

6π𝑐 · 𝑞𝑣𝐵
𝑚( )2

=
µ

0
𝑞2𝑣2𝐵2

6π𝑐𝑚2 (17) 

As shown, energy loss is largest for low mass. Electrons 
radiate much more than protons. This explains our choice of 
using a proton beam created by ionizing hydrogen gas as our 
ion source.  

Regarding the cyclotron emission spectrum, the radiation 
spikes at the harmonics of the frequency of the particle’s 
orbit, mainly spiking at the fundamental frequency (14).  

Imperfections in the emission environment, such as 
non-uniformities in the magnetic field, are at the source of 
these harmonics as well as of the broadening of the spectral 
lines. The term non-uniformities refers to the consequence 
of the accelerated particle passing from an area of the field 
to another, causing its emission frequency to change 
according to the strength of the field. Another source of 
these imperfections includes pressure broadening. Described 
by a Lorentzian profile, this broadening effect is caused by 
the presence of nearby particles affecting the radiation 
emitted by the individual particle. When a collision between 
the accelerated particle and another one occurs, said 
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collision interrupts the light emission process. Shortening 
the characteristic time for the process increases the 
uncertainty in the energy emitted.  

The total radiation emitted by an active cyclotron will also 
depend on the bombarded target. In the field of medicine, for 
instance, medical radioisotopes are made by bombarding 
nonradioactive materials, stable isotopes, with accelerated 
protons [4]. When these particles interact with the stable 
isotopes, fission occurs, thereby turning stable isotopes 
radioactive and emitting radiation in the process [9]. 
Depending on the nature of the target material, the energy 
emitted by the collisions will vary and will influence the 
required shield thickness accordingly. 

Shield thickness 

To ensure safety, proper shielding against both radiation 
generated during the acceleration of the particles and that 
generated during the collisions is crucial. Alpha and Beta 
radiation can be easily shielded by materials such as 
aluminium; the main concern is in shielding gamma rays and 
neutron rays. To do so, we must determine the required 
shield thickness, which primarily depends on radiation 
energy, the shield material, and the radiation intensity.  

First, the greater the radiation energy is, the thicker the 
shield must be. If a source emits gamma rays at a variety of 
energies, the high-energy gamma rays determine the 
shielding requirements. Even if they typically contribute 
minimally to the exposure rate, they are the most significant 
ones once the shield has effectively dealt with the more 
prevalent low-energy photons. Then, the shield material 
must also be considered when calculating the shield 
thickness. For photon rays, the lower the atomic number of 
the shield, the thicker it must be. Lastly, another factor 
influencing the required shield thickness is the intensity of 
the radiation. The higher it is, the more it must be reduced, 
and the thicker the shield [1].  

When shielding gamma rays, assuming a narrow beam of 
radiation, we can consider the equation  𝑋

0

  𝑋 = 𝑋
0
𝑒−µ𝑥 (18) 

where is the exposure rate with the shield in place, is 𝑋 𝑋
0

the exposure rate without the shield,  is the thickness of the 𝑥
shield, and  is the linear attenuation coefficient, which µ
takes into account all possible radiation scatters 

However, this equation supposes a narrow beam of radiation, 
underestimating the exposure rate. To fully take into account 
the possible causes of radiation exposure, we must consider 
minimizing other factors such as streaming and skyshine 
radiation.  

Concerning the thickness of a shielding material, when it is 
equal to the relaxation length, , defined to be the average 1

µ
distance between two successive interactions, also called the 
photon mean free path, it will reduce the intensity of the 
radiation to 37% of its original intensity. To solve, the 
preceding equation may be rearranged as follows:  

  𝑥 =− 1
µ ln 𝑋

𝑋
𝑎

( ) (19) 

By comparing various linear attenuation coefficients and 
shield thicknesses, it can be shown how centimetres of lead 
and iron can shield against gamma rays and how meters of 
concrete or water can shield against neutron radiation.  

Regarding neutron rays, these must certainly be considered 
when building a cyclotron with the purpose of generating 
radioisotopes, such as medical cyclotrons do. In the context 
of the construction of a classical cyclotron, it will be used 
for simpler objectives not involving nuclear spallation. 

Conclusion 
In this paper, we have proposed a model for the design of a 
cyclotron chamber, with a focus on particle motion and 
radiation shielding. Through a detailed analysis of magnetic 
field effects on particle trajectories and the associated 
shielding requirements, we have gained valuable insights 
into optimizing cyclotron design for practical use. Looking 
ahead, future research will delve deeper into the role of 
resonance in cyclotron operation, particularly its impact on 
particle acceleration and beam stability. Additionally, we 
plan to explore the relationship between radio frequency 
(RF) fields and their influence on particle dynamics, which 
could lead to further improvements in chamber design and 
efficiency. 
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On Rearrangements of Series 
Shahab Shahabi and James Kyriacou 

Abstract — According to a celebrated theorem of Riemann, if a series converges, but not in an absolute manner, then it has 
rearrangements which converge to values other than the original sum. But what rearrangements will not change the value of 
such series? This problem will be addressed in this article. The main result (Theorem 3.3) introduces an infinite family of 
rearrangements under which the value of our (non-absolutely) convergent series will not change. In the end, a conjecture will 
be formulated and discussed. 

Basic Definitions 
For the sake of completeness, we recall the ( - ) definitions ϵ δ
of the convergence of sequences and series. 

Convergence of a Sequence 

●​ A sequence  converges to a limit-value  𝑎
𝑛( )

𝑛=1

∞ λ

and we write  if  (i.e., for all 
𝑛→∞
lim 𝑎

𝑛
= λ ∀ϵ > 0

),  (i.e., there exists an ), such that ϵ > 0 ∃𝑁 𝑁 > 0
 . ∀𝑛 ≥ 𝑁 ⟹ 𝑎

𝑛
− λ| | < ϵ

Convergence of a Series 

●​ Let  denote the nth partial sum of a series 𝑆
𝑛

=
𝑖=1

𝑛

∑ 𝑎
𝑖

. One says that the series  converges to 
𝑖=1

∞

∑ 𝑎
𝑖

𝑖=1

∞

∑ 𝑎
𝑖

some value . 𝐿 ⟺
𝑛→∞
lim 𝑆

𝑛
= 𝐿

●​ Therefore,  converges to  if , 
𝑖=1

∞

∑ 𝑎
𝑖

𝐿 ∀ϵ > 0,  ∃𝑁

such that . ∀𝑛 ≥ 𝑁 ⟹ 𝑆
𝑛

− 𝐿| | <  ϵ

●​ If  converges, then the sequence  must 
𝑖=1

∞

∑ 𝑎
𝑖

𝑎
𝑖( )

converge to zero: , such that , ∀ϵ > 0,  ∃𝑁  𝑎
𝑛| | < ϵ

. This is known as the Test for ∀𝑛 ≥ 𝑁
Divergence. 

●​ A convergent series  is absolutely convergent 
𝑛=1

∞

∑ 𝑎
𝑛

if series  also converges. 
𝑛=1

∞

∑ |𝑎
𝑛
|

●​ A convergent series  is conditionally 
𝑛=1

∞

∑ 𝑎
𝑛

convergent if  diverges. 
𝑛=1

∞

∑ |𝑎
𝑛
|

Cauchy Criteria 

●​ The Cauchy criterion for a sequence 
, such that 𝑎

𝑛( ):  ∀ϵ > 0, ∃𝑁
. A sequence is 𝑎

𝑚
− 𝑎

𝑛| | < ϵ,  ∀𝑚, 𝑛 ≥ 𝑁
convergent if and only if it satisfies the Cauchy 
criterion for sequences. 

●​ The Cauchy criterion for a series 

, such that 
𝑖=1

∞

∑ 𝑎
𝑖
:  ∀ϵ > 0, ∃𝑁

. Likewise, a series is 𝑆
𝑚

− 𝑆
𝑛| | < ϵ,  ∀𝑚, 𝑛 ≥ 𝑁

convergent if and only if it satisfies the Cauchy 
criterion for series. 

An advantage of using the Cauchy criterion is that we do not 
need to know the limit of the sequence or series to establish 
its convergence. 

The following proposition will be referred to, in the sequel, 
as the key proposition: 

Proposition 1.1 For two sequences   and , assume 𝑆
𝑛

𝑆
𝑛
'

 such that . Then  ∀ϵ > 0,  ∃𝑁 𝑆
𝑛

− 𝑆
𝑛
'|||
||| < ϵ,  ∀𝑛 ≥ 𝑁 𝑆

𝑛

converges to some  converges to the same . 𝐿 ⟺ 𝑆
𝑛
' 𝐿
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Proof. Let . If  converges to ϵ > 0 𝑆
𝑛

, according to our assumption, 𝐿 ⇒ 𝑆
𝑛

− 𝐿| | < ε
2 ,  ∀𝑛 ≥ 𝑁

1

we also have . Set 𝑆
𝑛

− 𝑆
𝑛
'|||
||| < ε

2 ,  ∀𝑛 ≥ 𝑁
2

. Now, if , 𝑁 = 𝑀𝑎𝑥 𝑁
1
, 𝑁

2( ) 𝑛 ≥ 𝑁

 𝑆
𝑛
' − 𝐿|||

||| = 𝑆
𝑛
' − 𝑆

𝑛
+ 𝑆

𝑛
− 𝐿|||

||| ≤ 𝑆
𝑛
' − 𝑆

𝑛
|||

||| + 𝑆
𝑛

− 𝐿| |
                  . < ϵ

2 + ϵ
2 = ϵ

This completes the proof. □ 

Rearrangements 
By a permutation of ( ) we mean any possible 1,  2,  3,  …,  𝑘
way of rewriting these numbers: 

. σ =
𝑖

1

1  
𝑖

2

2
𝑖

3

3
...
...

𝑖
𝑘

𝑘  ( )
In other words,  is a one-to-one function from  σ {1,  2,  …,  𝑘}
to itself sending each  to . Here are some 1 < 𝑙 ≤  𝑘 𝑙 ↦ 𝑖

𝑙
examples (for  respectively): 𝑘 = 5,  7,  6

, 
3
1 

4
2

1
3

5
4

2
5 ( )

, 
7
1 

6
2

2
3

4
4

5
5

1
6

3
7 ( )
. 

1
1 

2
2

3
3

4
4

5
5

6
6( )

Now assume a finite number of terms such as  
 are given. By applying a permutation of  on "𝑎

1
, 𝑎

2
, …,  𝑎

𝑘
" σ

the indices, we get a rearrangement of these terms, 

 𝑎
1
, 𝑎

2
,  …,  𝑎

𝑘
↦ 𝑎

σ 1( )
, 𝑎

σ 2( )
,  …,  𝑎

σ(𝑘)

i.e., the same terms, only written in a (possibly) different 
order. Since notationally working with  is a bit 𝑎

σ(𝑖)

cumbersome, let us write  instead of . 𝑎
𝑖
' 𝑎

σ(𝑖)

Now, what we want to do is to look at the action of  on a σ

finite sum such as : 
𝑖=1

𝑘

∑ 𝑎
𝑖

. 𝑎
1

+ 𝑎
2

+ ⋯ + 𝑎
𝑘
↦ 𝑎

1
' + 𝑎

2
' + ⋯ + 𝑎

𝑘
'

Note that since this is a finite sum, we get the same value, 

i.e., , regardless of the order in which the terms 
𝑖=1

𝑘

∑ 𝑎
𝑖

=
𝑖=1

𝑘

∑ 𝑎
𝑖
'

have been shuffled. 

Next, assume that  is a permutation of the set  σ 1,  2,  3,  …{ }

of all natural numbers, and that an infinite sum  is 
𝑖=1

∞

∑ 𝑎
𝑖

given. What is the effect of the action of  on this infinite σ
sum? In other words, what can we say about the 

rearrangement series ? 
𝑖=1

∞

∑ 𝑎
𝑖
'

Historically, Cauchy looked at this problem for the first time, 
and to his astonishment, he discovered that the value of an 
infinite series may change after the terms are rearranged. 
Consider the series: 

 
𝑖=1

∞

∑ −1( )𝑖−1

𝑖 = 1 − 1
2 + 1

3 − 1
4 + 1

5 − 1
6 + 1

7 −+−+ ⋯ .

The fact that this series is convergent follows from the 
Alternating Series Test. One knows that it converges to 

. What Cauchy discovered was that the following 𝑙𝑛⁡(2)
rearrangement 

 (♦) 1 + 1
3 − 1

2 + 1
5 + 1

7 − 1
4 + 1

9 + 1
11 − 1

6 ++−++− ⋯,

(where after any two positive terms of the original series 
there follows a negative term), converges to a different 
value, namely to  What lies behind this 3

2 𝑙𝑛⁡(2).
phenomenon is the fact that the series at hand is not 
absolutely convergent. In fact, along these lines, we have the 
following remarkable theorems of Riemann: 

Theorem 2.1. (Riemann’s Rearrangement Theorems) 

(1)​ If  (with partial sums ) converges 
𝑛=1

∞

∑ 𝑎
𝑛

𝑆
𝑛

absolutely, then any rearrangement series  
𝑛=1

∞

∑ 𝑎
𝑛
'

(with partial sums ) will also converge to the 𝑆
𝑛
'

same value. 

(2)​ If converges but not absolutely (i.e., 
𝑛=1

∞

∑ 𝑎
𝑛
 

converges conditionally), then  a ∀𝑐∈𝑅
rearrangement series exists for which , i.e., 𝑆

𝑛
'  = 𝑐

. 
𝑖=1

∞

∑ 𝑎
𝑖
' = 𝑐

Despite these fabulous results, we now wish to study 
invariant rearrangements, i.e., those that don't change the 
value of a non-absolutely convergent series. 
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Value-Preserving Rearrangements 
Throughout this section, we shall exclusively consider 
convergent series that are not absolutely convergent. We will 
prove a number of results concerning certain rearrangements 
(of the considered series) which leave the value of the series 
unchanged. Theorems have been stated in increasing order 
of generality and difficulty. The Key Proposition will be 
used in all their proofs! 

Rearranging the First k Terms 

Theorem 3.1. Given a convergent series , converging 
𝑖=1

∞

∑ 𝑎
𝑖

to say , a rearrangement  of this series where only the 𝐿
𝑖=1

∞

∑ 𝑎
𝑖
'

first  number of terms are permuted will also converge to 𝑘
that same . 𝐿

Proof. For any , consider 𝑛 > 𝑘
 𝑆

𝑛
= 𝑎

1
+ 𝑎

2
+ … + 𝑎

𝑘−1
+ 𝑎

𝑘
+ 𝑎

𝑘+1
+ … + 𝑎

𝑛−1
+ 𝑎

𝑛
.

Also let  be the n-th partial sum of the rearranged series 𝑆
𝑛
'

. Since only the first  terms have been permuted, we 
𝑖=1

∞

∑ 𝑎
𝑖
' 𝑘

observe that , . This implies that 𝑎
𝑖
' = 𝑎

𝑖
∀𝑖 > 𝑘

, 𝑆
𝑛
' = 𝑎

1
' + … + 𝑎

𝑘
' + 𝑎

𝑘+1
+ … + 𝑎

𝑛
= 𝑆

𝑛

i.e.,  and  are exactly the same, whenever . In 𝑆
𝑛

𝑆
𝑛
' 𝑛 ≥ 𝑘 + 1

other words, for any , we have ϵ > 0
. By our Key 𝑆

𝑛
− 𝑆

𝑛
'|||
||| = 0 < ϵ,  ∀𝑛 ≥  𝑘 + 1

Proposition,  and  converge to the same , and we are 𝑆
𝑛

𝑆
𝑛
' 𝐿

done. □ 

Rearranging Every Fixed k Terms 

Theorem 3.2. The assumption is, as stated in the opening 

paragraph of this section, that any rearrangement of  
𝑖=1

∞

∑ 𝑎
𝑖

where every  number of terms are permuted will also 𝑘
converge to the same value . 𝐿

Proof. Assume  is given. Since  is convergent, ϵ > 0
𝑖=1

∞

∑ 𝑎
𝑖

there is an  such that for , we have . Now 𝑁 𝑖 ≥ 𝑁 𝑎
𝑖| | < ϵ

2𝑘

consider blocks of  terms: 𝑘

 

And consider the partial sum:

 

Suppose we permute every  terms, so that the partial sum 𝑘
of the rearranged series becomes:

Observe that at every interval of  terms, and are 𝑘 𝑆
𝑛
 𝑆

𝑛
'  

identical. This means that in the special case when 𝑛 = 𝑞𝑘 
is a multiple of , we have , which is smaller 𝑘 𝑆

𝑛
− 𝑆

𝑛
'|||
||| = 0

than any . And in general when , , ϵ 𝑛 = 𝑞𝑘 + 𝑟 0 ≤ 𝑟 < 𝑘
where , we have (after the cancellations of  𝑞𝑘 ≥ 𝑁 𝑞
complete “blocks”): 

 𝑆
𝑛

− 𝑆
𝑛
'|||
||| =

𝑖=𝑞𝑘+1

𝑞𝑘+𝑟

∑ 𝑎
𝑖( ) −

𝑖=𝑞𝑘+1

𝑞𝑘+𝑟

∑ 𝑎
𝑖
'( )||||

||||
 ≤ 

𝑖=𝑞𝑘+1

𝑞𝑘+𝑟

∑ 𝑎
𝑖| |

                +
𝑖=𝑞𝑘+1

𝑞𝑘+𝑟

∑ 𝑎
𝑖
'|||
||| ... ≤  𝑟 ϵ

2𝑘 + 𝑟 ϵ
2𝑘 = 𝑟

𝑘 ϵ < ϵ

In view of the key proposition, this completes the proof. □ 

Rearrangements by “Decomposable” Permutations 

A permutation  is σ = 1,  2,  3,  4,  …{ } ↦ 1,  2,  3,  4,  …{ }
called decomposable if blocks of lengths  𝑘

1
,  𝑘

2
,  𝑘

3
,  …

exist, such that  permutes the first  numbers among σ 𝑘
1

themselves, the next  numbers among themselves, the next 𝑘
2

 numbers among themselves, ..., viz.    𝑘
3

                     

 

 

In other words,  may be viewed as , σ σ = (σ
1

σ
2| |σ3

|⋯)
where  permutes the numbers ,  permutes the σ

1
{1,  …,  𝑘

1
} σ

2
numbers , etc. {𝑘

1
+ 1,  …,  𝑘

1
+ 𝑘

2
}

Theorem 3.3. Let  be a decomposable permutation (as σ
above) with a cap for the lengths of all of its blocks. That is, 
assume there is a  such that: 𝑘

, 𝑘
1
,  𝑘

2
,  𝑘

3
,  … ≤ 𝑘
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where  is fixed. Then, the rearrangement of  by any 𝑘
𝑖=1

∞

∑ 𝑎
𝑖

such decomposable  will not alter the value of a σ
conditionally convergent series. 

Proof. Assume  is given. Since  is convergent, ϵ > 0
𝑖=1

∞

∑ 𝑎
𝑖

there is an  such that for , we have . Now 𝑁 𝑖 ≥  𝑁 𝑎
𝑖| | < ϵ

2𝑘

consider the increasing sequence: 

. 𝑘
1

< 𝑘
1

+ 𝑘
2

< 𝑘
1

+ 𝑘
2

+ 𝑘
3

< ⋯ < 𝑘
1

+ ⋯ + 𝑘
𝑙

< ⋯

It’s evident that any  lands between two consecutive terms 𝑛
of the above sequence: 

. 𝑘
1

+ ⋯ + 𝑘
𝑙

≤ 𝑛 < 𝑘
1

+ ⋯ + 𝑘
𝑙

+ 𝑘
𝑙+1

Let us write , where  and 𝑛 = 𝑀 + 𝑟 𝑀 = 𝑘
1

+ ⋯ + 𝑘
𝑙

. Without loss of generality, we may assume 0 ≤ 𝑟 < 𝑘
𝑙+1

that . Now, similar to the proof of the previous 𝑀 > 𝑁
theorem, observe that if , then 𝑟 = 0

. And in general: 𝑆
𝑛

= 𝑆
𝑀

= 𝑆
𝑀
' = 𝑆

𝑛
' ⟹ 𝑆

𝑛
− 𝑆

𝑛
'|||
||| = 0 < ϵ

𝑆
𝑛

− 𝑆
𝑛
'|||
||| =

𝑖=𝑀+1

𝑛

∑ 𝑎
𝑖( ) −

𝑖=𝑀+1

𝑛

∑ 𝑎
𝑖
'( )||||

||||
 ≤ 

𝑖=𝑀+1

𝑀+𝑟

∑ 𝑎
𝑖| | +

𝑖=𝑀+1

𝑀+𝑟

∑ 𝑎
𝑖
'|||

      . ≤  𝑟 ϵ
2𝑘 + 𝑟 ϵ

2𝑘 = 𝑟
𝑘 ϵ < ϵ

Thanks to the key proposition again, this proves the 
theorem. 

A Conjecture 

If  is a permutation of a finite set of numbers, say a σ
permutation on , then it is evident that the {1,  2,  …,  𝑘}
distance between any  and its image under , 1 ≤ 𝑖 ≤ 𝑘 σ
namely  is bounded. More precisely, we always have σ(𝑖)

. For a permutation  on , σ 𝑖( ) − 𝑖| | ≤  𝑘 − 1 σ {1,  2,  3,  …}
we call 

 𝑀𝑎𝑥 σ 1( ) − 1| |,  σ 2( ) − 2| |,  σ 3( ) − 3| |,  …{ }

the span of . Note that the span of an arbitrary  may or σ σ
may not be finite. For instance, the span of the permutation 
in the example discovered by Cauchy (see (♦) above) is not 
finite. On the other hand, the span of any permutation 
described in any of Theorems 3.1-3.3 is finite. Now, inspired 
by the statements of those Theorems, let us formulate the 
following conjecture: 

A Conjecture: Given a convergent series  , which 
𝑖=1

∞

∑ 𝑎
𝑖

converges to say , the permuted series, denoted , 𝐿
𝑖=1

∞

∑ 𝑎
σ(𝑖)

converges to the same  if the span of  is finite. That is, if 𝐿 σ

 σ 𝑖( ) − 𝑖| | ≤ 𝑓𝑖𝑥𝑒𝑑 𝑛𝑢𝑚𝑏𝑒𝑟,      ∀𝑖 ≥  1,

then . 
𝑖=1

∞

∑ 𝑎
𝑖
' =

𝑖=1

∞

∑ 𝑎
𝑖
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Modeling Plant Growth Based 
on Leaf Area, Energy Flux, and 
Photosynthetic Efficiency 

Lucca Filippi, Gia Hy Nguyen, Thomas Robinson, Ana Torres, Dr. Jeffrey K. L. Eng 

Abstract — As primary producers, plants perform photosynthesis to convert solar energy into biomass, which is crucial for 
life. This study introduces a model to estimate the gross primary production (GPP) of Arabidopsis thaliana over its 60-day 

lifespan. GPP is calculated by integrating photosynthetic efficiency, solar energy flux, and leaf area index over time. 
Photosynthetic efficiency is derived from current literature, while leaf area index is obtained through analyzing plant growth 

in rhizobox cultures [8]. Solar energy flux is based on Global Solar Atlas data, accounting for location and seasonal variation. 
The model indicates that initiating the plant’s life cycle around the summer solstice maximizes GPP due to peak solar 

irradiation. Seasonal variations have a stronger impact on GPP in higher latitudes. This model provides a practical tool for 
predicting A. thaliana’s GPP across locations, with potential applications in optimizing energy use in plant systems. 

Introduction 
In the study of plant biology, understanding the factors that 
influence plant growth is crucial for optimizing agricultural 
productivity, ecological studies, and other environmental 
applications. One of the key processes driving plant growth 
is photosynthesis, in which plants convert solar energy into 
chemical energy. This process sustains life on Earth by 
providing energy to plants, which supports entire 
ecosystems, making life on Earth possible.  

Multiple factors must be considered to accurately model 
plant growth. Building on previous work [11], the rate of 
energy storage in plants R can be modeled as a function of 
the leaf area A, the energy flux p, and the photosynthetic 
efficiency factor k [11]. 

  𝑅 = 𝑘 · 𝑝 · 𝐴  

The total energy produced by the plant can then be found by 
integrating the rate over time: 

  𝐸 =
𝑡

0

𝑡

∫ 𝑅𝑑𝑡 = 𝑘
𝑡

0

𝑡

∫ 𝑝𝐴𝑑𝑡

Studying in greater detail how each of these variables—leaf 
area, energy flux, and photosynthetic 
efficiency—contributes to energy storage in plants provides 
a foundation for exploring plant growth. 

Leaf area 

Total leaf area, like many characteristics of plant growth, can 
be modeled using a logistic function, or sigmoidal growth 
curve [4, 12]. A logistic curve features a slow initial growth 

rate that gradually increases until the function reaches half 
of its maximum value. The growth rate then decreases 
symmetrically, approaching zero. The general function is of 
the form 

  𝑓(𝑥) = 𝑎

1+𝑒−𝑏𝑥−𝑐  

The parameter  represents the maximum theoretical leaf 𝑎
area, the ratio  determines the midpoint of the growth 𝑐

𝑏
curve, and  changes the steepness. It is, therefore, possible 𝑏
to fit a logistic curve to a set of data points provided that the 
midpoint of the growth period has passed; otherwise, it is 
impossible to predict at what value the function will settle. 

Energy flux 

Sunlight availability is often quantified using Global 
Horizontal Irradiance (GHI), a measure of the total solar 
radiation received per unit area horizontal to the Earth’s 
surface [7]. GHI includes both direct sunlight and diffuse 
sky radiation across a 180° field of view and is typically 
measured with a pyranometer. The plant’s leaves will be 
modeled as horizontal surfaces that receive energy 
exclusively from solar radiation. Therefore, finding the 
energy that the leaves absorb is enough to find the GHI. 

Photosynthetic energy efficiency 

Several factors influence the energy efficiency of 
photosynthesis. First, the chemical process is limited by the 
wavelength range of light plants can absorb, also called the 
photosynthetically active radiation (PAR) spectrum, which 
spans 400–700 nm. In addition to this wavelength constraint, 
photosynthetic efficiency is also impacted by quantum 
requirements, as at least 10 quanta are needed to compose a 
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single carbon dioxide molecule. Only 45% of the total solar 
energy that reaches the Earth can thus be used by plants for 
photosynthesis [1]. Energy loss also occurs in 
non-photosynthetic tissues such as roots and stems, where 
energy is used for other physiological functions rather than 
for energy storage.  

Additionally, photorespiration — a process in which oxygen 
is consumed and carbon dioxide is released — lowers the 
energy available for biomass production. The maximum 
efficiency of PAR utilization is thus around 25%; however, 
in reality, the range is typically between 3% and 6% of total 
solar radiation [1, 3, 11]. For the purposes of this analysis, a 
value of 5.4% photosynthetic energy efficiency will be 
considered:  [5]. 𝑘 = 0. 054

Methods 
The gross energy production of A. thaliana was modeled by 
estimating leaf area, calculating energy flux based on 
sunlight exposure, and integrating these factors over the 
plant’s growth period. 

Leaf area 

The area of the plant responsible for photosynthesis can be 
approximated by the area of the leaves for many reasons. 
First, the chloroplasts are most concentrated on the leaves, 
even though they are also present on parts like the stem [13]. 
Second, the leaves are more exposed to sunlight than the 
stem since they are horizontal, thus receiving direct sunlight, 
compared to the vertical stem. The stem is also in the 
shadow of the leaves, which further reduces incident 
sunlight on the stem. Third, the area of the leaves on the 
mature plant is much greater than the area of the stem. Based 
on this information, leaf area over time was chosen to be the 
area function used in the calculation, modeled using a 
logistic curve.  

Data for the leaf area over time of A. thaliana was obtained 
from a study of the growth of the plant in rhizobox culture 
systems [8]. The control group of the study consisted of 18 
A. thaliana plants sown in pots and cultivated under 
controlled conditions of light, temperature, and hygrometry 
that simulated a day/night cycle. Between 12 and 40 days 
after sowing, the leaf area was evaluated from photographs 
every three to four days. The plants in pots were selected to 
be analyzed as they represent more accurately how plants 
would grow in a natural environment. The data was 
presented as a bar graph, and exact values were not given, as 
shown in Fig. 1, so numbers were extracted from pixel 
measurements. The extracted data can be found in Appendix 

A. 

 

Figure 1: Leaf area over time in days for A. thaliana in pots (black 
bars) and rhizobox (white bars), taken from [8]. Only the plants in 
pots were used for our analysis. Asterisks indicate significant 
differences between the two groups; this information was not used. 
Error bars are the SEM. 

The graph was exported as a high-resolution image and 
analysed in Microsoft Paint®. The height of each bar was 
measured in pixels from the bottom of the horizontal axis to 
the top of the black bar. The standard error of the mean 
(SEM) was measured from the bottom of the lowest error 
bar to the top of the upper error bar. The conversion between 
the number of pixels and square centimeters was found by 
measuring the distance from the horizontal axis to the first 
subdivision of the vertical axis at 10 cm². This conversion 
was found to be 10.3 px/cm². The leaf area in square meters 
is, therefore: 

  𝐴
𝑚2 =

𝐴
𝑝𝑥

𝑐 · 10−4  

Where  is the conversion factor 𝑐 = 103 𝑝𝑥

10 𝑐𝑚2 = 10. 3 𝑝𝑥/𝑐𝑚2

between pixels and cm².  

The points were then fitted to a logistic curve using logistic 
regression in Desmos®. The resulting curve was found to 
be: 

 𝑓(𝑥) = 0.0104198

1+𝑒−(0.225708𝑥−7.879983)

To allow for different starting days, another term, , was 𝑡
0

added to the function, representing the day that the plant 
starts growing: 

 𝑓(𝑥) = 0.0104198

1+𝑒−(0.225708𝑥−7.879983)

The model predicts an almost constant leaf area after  𝑡 = 60
days approximately, but this projection is not realistic as A. 
thaliana plants have a relatively shorter lifetime. The upper 
bound on the energy production duration is the time when 
the leaves start to die. This happens around the time when 
the plant starts producing seeds, which takes place 8-10 
weeks after planting, or 56-70 days [9]. The model can 
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therefore be restricted to a maximum duration of 60 days, 
after which it is assumed that the plants will not store more 
energy. 

 

Figure 2: Modeled growth curve of A. thaliana’s total leaf area 
over time elapsed, fitted using logistic regression in  Desmos®. 

Energy flux 

Data from the Global Solar Atlas [10], which reports 
average daily GHI for a given location, was used to calibrate 
the power flux model. 

On a given day, the actual GHI will not align perfectly with 
the average value. The model, therefore, takes into account 
the latitude at which the plant is grown and the time of year. 
Both of these factors influence the amount of time spent in 
daylight per day and, consequently, the GHI.  

The value  is defined as half of the angle of the Earth’s ϕ
0
 

surface that is in sunlight at a given latitude λ. All values 
have units of degrees. The angle  is given by [6]:  ϕ

0
 

  ϕ
0
 =  𝑎𝑟𝑐𝑐𝑜𝑠 (− 𝑡𝑎𝑛(λ) 𝑡𝑎𝑛(α

⊥
))  

where the angle  is the tilt of the Earth’s axis relative to α
⊥

 
the sun. It can be quantified in terms of the constant tilt of 
the Earth’s axis α and the time of year t, in days, as 

 . α
⊥

=  − α 𝑐𝑜𝑠 ( 360◦

365  (𝑡 +  10))  

This equation was derived geometrically. The value of the 
axis tilt used for the model was  [6]. Note that at α = 23. 5◦ 

, is at a minimum and the northern 𝑡 =  − 10 α
⊥

 
hemisphere experiences winter, making   𝑡 =  − 10 
correspond to the winter solstice. Since the winter solstice is 
December 21,  corresponds to ten days later, or 𝑡 = 0 
December 31. The time  can, therefore, be interpreted as the 𝑡
day of the year. The total daily energy flux p at the surface 
of the Earth can then be quantified as [6]: 

 𝑝(𝑡) = 𝑝
0
 ( 1

π  𝑐𝑜𝑠(λ) 𝑐𝑜𝑠(α
⊥

) 𝑠𝑖𝑛(ϕ
0
) +

ϕ 
0

180◦  𝑠𝑖𝑛(λ) 𝑠𝑖𝑛(α
⊥

)) 

The constant  is chosen so that the average daily p over a 𝑝
0

year aligns with the average GHI per day at the location of 
interest, denoted   . To compute , the function  is 𝑝

𝐺𝐻𝐼
𝑝

0
𝑠 

first defined as: 

 𝑠(𝑡) = 𝑝
𝑝

0
 

         = 1
π  𝑐𝑜𝑠(λ) 𝑐𝑜𝑠(α

⊥
) 𝑠𝑖𝑛(ϕ

0
) +

ϕ 
0

180◦  𝑠𝑖𝑛(λ) 𝑠𝑖𝑛(α
⊥

) 

Then   can be calculated numerically using the following 𝑝
0

equation: 

  𝑝
0

=
(365 𝑑𝑎𝑦𝑠) 𝑝

𝐺𝐻𝐼

0

365

∫ 𝑠(𝑡)𝑑𝑡
  

This calibrates and completes the model for power flux. 

Final model formulation 

According to the model, taking into consideration 
photosynthetic energy efficiency, the gross energy 
production E of an A. thaliana can be determined by 
integrating the product of the photosynthetic efficiency, the 
energy flux, and the area of the plant’s leaves with respect to 
time over a growth period of sixty days, 

 𝐸 =  𝑘
𝑡

0

𝑡
0
+60

∫ 𝑝(𝑡)𝐴(𝑡,  𝑡
0
)𝑑 =  0. 054

𝑡
0

𝑡
0
+60

∫  𝑝(𝑡)𝐴(𝑡,  𝑡
0
)𝑑𝑡  

where the plant begins growing on the day   of the 𝑡
0

calendar year. The inputs of the model are the latitude of the 
location of growth, the day the plant begins growth, and the 
average daily GHI at the location of growth according to the 
Global Solar Atlas. 

If the integral is graphed as a function of  , a curve with a 𝑡
0

period of 365 days is obtained. The minima and maxima of 
this graph give the minimum and maximum possible 
energies the plant can produce, the “extreme energies.” This 
also gives the least and most optimal days to begin growing 
the plant, the “extreme days.” 

The extreme energies and extreme days were determined 
using eq. (12) for five different growth locations: Bogotá, 
Colombia; Canberra, Australia; Hanoi, Vietnam; Montréal, 
Canada; and Washington D.C., U.S.A. The locations were 
chosen to represent the countries of origin of each of the 
authors; Canberra was included to represent the southern 
hemisphere. The results are presented in tables 1 to 4. 
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Results 
Results from the model indicate the optimal growth timings 
for Arabidopsis thaliana across different locations, along 
with the corresponding energy production patterns. 

Location  Latitude (°) Average daily 
GHI (MJ/m²) 

Bogotá 4.7110 16.82 

Canberra -35.2802 17.26 

Hanoi 21.0278 13.07 

Montréal 45.5019 12.97 

Washington D.C. 38.9072 15.06 

Table 1: Inputs to the model at five growth locations. 

Location  Optimal 𝑡
0
 

(days)  
Optimal 
date 

 (kJ) 𝐸
𝑚𝑎𝑥

 

Bogotá 54 or 198 Feb 23  or 
July 17 

249.4 

Canberra 308 Nov 4 248.2 

Hanoi 126 May 6 223.8 

Montréal 126 May 6 299.0 

Washington 
D.C. 

126 May 6 317.8 

Table 2: Predicted optimal dates of planting and energy outputs 
over a 60-day growth period starting at those dates. The data was 
compiled for five growth locations. Dates assume the year is not a 
leap year (365 days). 

 

 

 

 

 

 

 

Location  Least 
optimal 𝑡

0
 

(days)  

Least 
optimal date 

 (kJ) 𝐸
𝑚𝑖𝑛

 

Bogotá 308 Nov 4 215.2 

Canberra 126 May 6 130.3 

Hanoi 308 Nov 4 132.7 

Montréal 308 Nov 4 69.0 

Washington 
D.C. 

308 Nov 4 102.4 

Table 3: Predicted least optimal dates of planting and energy 
outputs over a 60-day growth period starting at those dates. The 
data was compiled for five growth locations. Dates assume the year 
is not a leap year (365 days). 

Location  Range  (kJ)  =  𝐸
𝑚𝑎𝑥

− 𝐸
𝑚𝑖𝑛

 

Bogotá 34.2 

Canberra 217.9 

Hanoi 91.1 

Montréal 230.0 

Washington D.C. 215.4 

Table 4: Predicted difference in energy output between plants 
grown at the optimal and least optimal starting dates. 

Discussion 
The following discussion interprets the results of the model 
in relation to optimal growth timing for A. thaliana, 
examining the limitations of the current approach and 
exploring future research directions and practical 
applications.  
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Expected Results  

The optimal date to begin growing A. thaliana was expected 
to be in spring or summer, as the maximum solar irradiation 
occurs at the summer solstice. Thus, the highest amount of 
energy conversion would most likely happen if the time 
when the plant has the largest area coincides with this date. 
Therefore, it was expected for to be some time before the 𝑡

0
summer solstice, that is, June 21 in the Northern Hemisphere 
and December 21 in the Southern Hemisphere.  

The results aligned with this prediction for most locations 
(Canberra, Hanoi, Montréal, and Washington D.C.), but in 
the case of Bogotá, two optimal dates were found, neither 
being in May or June. Instead, the two dates were 72 days 
before and after the optimal date for the other Northern 
Hemisphere locations (Montréal, Hanoi, and Washington 
D.C.). This is reasonable since the sun is directly 
perpendicular to the surface twice each year for regions near 
the equator. The least optimal date for Bogotá is the same as 
those from the northern hemisphere, which is again 
reasonable because Bogotá is slightly to the north of the 
equator.  

The locations that were further from the equator (Canberra, 
Montréal, and Washington D.C.) had a larger range of 
energies than the locations closer to the equator (Bogotá and 
Hanoi), with a larger maximum energy and a lower 
minimum energy. This reflects the larger seasonal variation 
in the angle of the sun’s rays for larger latitudes. It is unclear 
why these cities had a higher maximum energy, although it 
may be because the longest days are longer for locations 
further from the equator [2]. Factors such as the altitude or 
the climate of the growth location (for example, average 
daily cloud coverage) may also have an impact that the 
current model does not take into account.  

Limitations 

The modeled growth curve of A. thaliana was obtained from 
a limited set of data, spanning less than 30 days. The state of 
the plants until death was not recorded in the source article, 
therefore, their exact lifespan was estimated based on the 
fitted function and other sources. In addition, the final leaf 
area was extrapolated from the data points in the fitted 
curve, but a measured value would ensure the validity of the 
obtained function. Also, the source of the data did not 
provide a table with the exact values, making the pixel 
measurements the only method of extracting the data. This 
introduces more uncertainty than the one already present in 
the graph. More extensive data would allow for greater 
accuracy in the leaf area over time. 

The model allows for the calculation of the Gross Primary 
Production (GPP) of the plant, but the actual amount of 
energy available for use is the Net Primary Production 
(NPP), found by subtracting the energy used by the plant for 
its metabolic processes from the GPP. Therefore, our model 

estimates the maximum energy that could possibly be stored 
in a plant, perhaps not fully accounting for all forms of 
energy loss. Estimating the energy used by A. thaliana over 
its lifespan may be possible, but it was excluded from this 
analysis. 

In addition, the data was collected on plants grown in 
controlled conditions. The model does not consider the 
optimal conditions for A. thaliana, which means that it may 
not be possible to grow the plants at any time of the year 
with consistent results. 

Future Research and Applications 

Modeling a biological battery naturally raises the question of 
how this battery could be used in practice. Determination of 
the optimal method to extract the energy stored in A. 
thaliana is a question that future research needs to answer 
before the plant can be used for this purpose. 

Arabidopsis thaliana was chosen because, as a widely used 
plant in scientific studies, data for the leaf area over time 
was widely available. However, it is used in research in part 
because of its short life cycle and small size; this means less 
energy can be stored in this plant compared to species that 
live longer and grow larger. Comparing multiple species 
would allow for optimization of the energy storage as well 
as correct the limitation on the growing conditions by 
choosing plants adapted to the chosen location. 

This model can also be applied in a variety of uses related to 
storing energy in plants. In agriculture, for example, it could 
be used to plan the optimal time to start growing crops in a 
given location by maximizing the amount of sunlight for the 
leaves to photosynthesize. The same can be done for 
gardening, as the model is based on an individual plant 
rather than a surface covered with plants. 

Future research should test the model’s predictions by 
growing real A. thaliana plants and comparing the actual 
GPP to the predicted values. Alternatively, the NPP could be 
measured and compared with the model’s predictions in 
order to determine the amount of energy lost to respiration. 

Conclusion 
In conclusion, this study presents a model for estimating the 
GPP of Arabidopsis thaliana, incorporating key factors such 
as photosynthetic efficiency, solar energy flux, and leaf area 
index. The findings suggest that the timing of the plant’s life 
cycle, particularly its initiation around the summer solstice, 
can significantly enhance GPP thanks to optimal solar 
irradiation. Furthermore, the model reveals the influence of 
seasonal variations, with a more pronounced effect in higher 
latitudes. By providing a reliable tool for predicting GPP 
across diverse geographic locations, this study offers 
valuable insights that could inform the optimization of 
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energy use in plant systems, contributing to both ecological 
studies and agricultural applications. 
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Abstract — Noise has often been seen as a nuisance or distraction. However, recent research has pointed out that certain 
types of noise, such as white noise, can increase concentration. Numerous studies suggest that white noise can improve the 
concentration of sub-attentive individuals; however, white noise’s effects on neurotypical people are still a widely debated 
subject. The present study aims to determine the effects of white noise on neurotypical individuals’ short-term memory. 
Thirty-one healthy students from Dawson College completed the Sternberg task under both white noise and silent conditions. 
No significant difference was found in reaction times between the silent and white noise conditions, implying that white noise 
does not improve working memory retrieval time in young neurotypical adults.  

Introduction 
White noise has been widely studied and shown to improve 
concentration and working memory performance. 

To investigate the effects of white noise on working 
memory, the Sternberg test was used in this study on 31 
healthy Dawson college students. This test is based on a type 
of stage theory that considers time between stimulus and 
response (reaction time, RT) to occur in a sequence of 
stages, or mental operations.  In Sternberg's stage theory, one 
stage does not begin until the other finishes. Reaction time 
can be summed up as a series of stages; the sum of measured 
RT can thus be used to answer interesting questions 
concerning the structure of mental processes and cognitive 
activity. (Sternberg, 1969). The Sternberg task helps 
determine whether exposure to white noise influences 
short-term memory retrieval time.  

A. White Noise 

As white light is defined as the combination of equal 
quantities of colours, white noise can be described by the 
combination of equal quantities of frequency (Mancini, 
2002, pp. 10-11). White noise, part of the family of sonic 
hues, is a balanced combination of sound waves spanning a 
wide frequency range. (Mancini, 2002, pp. 10-11). Examples 
of white noise found in daily life include radio or television 
static, the sound of the ocean and steady falling rain. 

White noise is continuous and has a high level of energy of 
all frequencies, making it more suitable for this experiment 
since it does not interfere with attention allocation (Baum & 
Chaddha, 2021).  

B.​ Effects of White Noise 

Different stimuli are integrated and processed together. This 
produces the accessory stimulus effect: being exposed to an 
irrelevant auditory stimulus can increase an individual’s 
reaction times to visual stimuli (Jepma et al., 2009).  

This accessory stimulus effect can be explained by the 
Moderate Brain Arousal (MBA) model (Awada et al., 2022). 
Within the central nervous system, there are some random 
fluctuations that are not part of the signal (Faisal et al., 
2008). These fluctuations, known as neural noises, can 
enhance undetected signals, allowing them to pass the 
detection threshold in a process called stochastic resonance 
(Faisal et al., 2008). Based on the MBA model, it is 
hypothesized that white noise introduces internal neural 
noise into the central nervous system and thus increases our 
ability to detect certain signals (Awada et al., 2022; Baum & 
Chaddha, 2021).  

Moreover, white noise has been shown to influence the 
substantia nigra/ventral tegmental area, the dopaminergic 
pathway (Awada et al., 2022; Rausch, Bauch & Bunzeck, 
2014). According to the MBA model, dopamine is suggested 
to regulate neural noises (Awada et al., 2022). The study of 
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Rausch, Bauch & Bunzeck (2014) further demonstrated that 
there is a positive correlation between white noise’s effects 
on the brain’s dopamine circuitry and its effects on 
improving working memory.  

C. Attention-Mediated White Noise 

Due to white noise's effects on dopamine production and 
certain signals’ intensities, some research has shown its 
potential to increase sub-attentive individuals’ cognitive 
performance (Baum & Chaddha, 2021). It is widely accepted 
that ADHD individuals have decreased dopamine production 
levels, and it has been shown that their working memory 
performance increases with exposure to white noise 
(Söderlund et al., 2007).  

However, its effects on neurotypical individuals remain 
unclear. Awada et al., 2022 indicate that 65 dB of white 
noise increases working memory performance in 
neurotypical individuals using a two-back testing format, 
while Söderlund et al., 2007 show that white noise decreases 
working memory performance in neurotypical populations. 
To our knowledge, this is the first study conducted at  
Dawson College that explores the effects of white noise on 
short-term memory recall time using a Sternberg task. Based 
on the findings of Awada et al., we hypothesize that 
exposure to white noise will improve response accuracy and 
reduce RT in the neurotypical student population aged 17 to 
24 years.   

Materials and Methods 
A. The Sternberg Task​

 

Figure 1:  The Average Reaction Time for Different  

Lengths of Numbers (Sternberg, 1969) 

 

The Sternberg Task, named after its developer Saul 
Sternberg, is a task that investigates human short-term 
memory and cognitive information processing. Using this 
task in 1969, Sternberg found that the addition of an item to 
a list takes an additional 38 milliseconds to memorize. 
Figure 1 illustrates that the average response time can be 

plotted linearly as a function of the number of items to 
memorize. By examining the pattern of reaction times (RTs), 
while varying factors such as the number of items in the list 
and the kind of question asked, researchers can make 
inferences about the underlying retrieval process (Sternberg, 
1969, p. 424). 

The present experiment uses the Sternberg task to test our 
hypothesis on the effect of white noise on short-term 
memory. The Sternberg Task was slightly modified from the 
default Sternberg in PsychoPy. Participants had 1.5 seconds 
to memorize a set of 3 to 6 numbers before they disappeared. 
They were then presented with a number, and their task was 
to answer as quickly as possible and indicate whether the 
number was part of the set shown by clicking right (TRUE) 
or left (FALSE). For instance, if the set 3 2 7 is shown on the 
screen, and the subsequent number is 3, the participants 
would click the right arrow to indicate that 3 was part of the 
set. If the answers were TRUE, the position of a number 
within the set is important because it can influence recall 
time; for example, numbers in the first or last positions are 
typically easier to remember. To account for this, the task 
includes an equivalent number of sets for each position. To 
illustrate, in the same set 3 2 7, where 3 is the presented 
number, 3 is as often in the first position (3 X X), in the 
second position (X 3 X) and in the third position (X X 3). 

This version of the Sternberg task consists of 72 sets of 
numbers, randomly shown to the participants. Each 
participant goes through the Sternberg task twice: once 
under silent and once under white noise condition. In half of 
the sets, the participants needed to click right (TRUE), 
indicating the presented number was part of the set shown. 
The software recorded reaction times and accuracy. 

In total, 32 subjects were recruited for this study, although 
data from only 31 subjects were used as one subject’s data 
was removed due to low accuracy (< 50%).  39% (12/31) of 
participants underwent the Sternberg task with the silent 
condition first, while 61% of participants (19/31) did the 
task with the white noise condition first. 

Trials were treated as outliers if their reaction time was at 
least three standard deviations away from the participant’s 
mean reaction time for the same list length under either the 
white noise or silent condition. These outlier trials were 
replaced with the participant’s mean reaction time for those 
conditions. Specifically, one participant had two sets 
modified from the silent condition with a list length of 5, 
another had a set modified from the white noise condition 
with a list length of 6, and a third participant had two sets 
modified from the white noise condition with a list length of 
6, along with two sets from the silent condition (one with a 
list length of 3 and one with a list length of 5).  
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Results 

 

Figure 2 : Reaction Time of the Different Difficulty Levels Between 
the Two Groups. 

 

 

Figure 3: Percentage of the Accurate Responses in the Different 
Difficulty Levels Between the Two Groups 

 

Figure 4: Distribution of the Reaction Time Difference between the 
White Noise and Silent Condition for Each Participant 

Discussion 
In the present study, we aimed to assess the effect of white 
noise on college students’ abilities to retrieve information 
from their short-term memory. In the following discussion, 
we will refer to the different list lengths as the different 
levels of difficulty (the easiest level being 3 numbers to 
memorize and the hardest being 6). For each difficulty level, 
the average response time was calculated for both the 
control and experimental conditions. 

After calculating the average reaction time (RT) for the first 
difficulty level, we compared the white noise condition to 
the silent condition to determine if white noise led to any 
improvement. The same comparison was made for the other 
difficulty levels. Following the t-test calculations for two 
dependent means between the RT difference in the white 
noise and silent conditions at the same difficulty level, the 
results were non-significant (p > 0.05). Since the task used 
was a Sternberg Task, it was anticipated that the longer a 
sequence, the more time it would take to memorize it. This 
is possibly caused by the increased competition between 
items for retrieval. (Sternberg, 1969). Figure 2 shows an 
increase in the average response time as the difficulty level 
increases. However, after performing the paired sample 
t-test, the increase in reaction time from 3 to 5 numbers was 
not significant (p > 0.05) in silence and white noise. Only 
the difference in the reaction time from 5 to 6 numbers was 
significant in the silence condition (p = 0.00326). Hence, 
Sternberg’s original finding was not consistently observed.  

Figure 2 shows a high standard deviation, indicating 
variability. We believe that two reasons explain the high 
standard deviation: individual differences and level of 
difficulty. Regarding the former, the average reaction time 
for each individual is different: some participants reacted 
faster while others stayed consistently slower as the 
difficulty level increased. To address this issue, we 
compared the reaction time difference between the white 
noise condition and the silent condition of the same 
participant to assess if white noise helped in the completion 
of the task. Figure 4 effectively represents the distribution of 
individual reaction time differences between the silent and 
the white noise conditions for all participants. Positive 
values indicate that the silent condition yielded a faster 
reaction time. The average RT differences for all four 
difficulty levels were 0.0037, 0.0163, 0.0043 and 0.0349, 
respectively. Hence, the reaction times in the silent and the 
white noise conditions are nearly identical as the RT 
differences are close to zero. This can be explained by the 
MBA model: since our participants have normal dopamine 
production and neural noise levels, the white noise’s 
presence is not necessary for them to detect certain signals.  

However, looking at the extremes of Figure 4, we can 
observe that for some participants, white noise seemed to 
help with concentration, while for others, white noise greatly 
impaired their ability to quickly retrieve information from 
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their short-term memory. In fact, the length of a box plot 
indicates the dispersal of 50% of the data; the longer the box 
plot, the greater the variation in the data, and vice versa.  

Figure 3 shows the average accuracy of our participants in 
both conditions, depending on the length of the list. We can 
observe that the error rate stays relatively low when 
participants are asked to memorize 3, 4 or 5 numbers. 
However, the accuracy significantly decreases when asked to 
memorize 6 numbers. Since the errors are suggested to be a 
result of the learning and retention process rather than the 
retrieval process, high accuracy levels will not influence our 
interpretation of the result (Sternberg, 1969).   

The insignificance of our results may be due to the 
inconsistent testing environment in which the experiment 
took place, participant fatigue throughout the experiment, 
and the small sample size. Regarding the setting, three 
different rooms were used to test the participants. This 
introduced variables that were not constant across all 
participants, namely the lighting, the ambient temperature 
and the background noise. Notably, the background noise 
may distract the participants from the tasks. Also, since the 
experiment was run on four computers from different 
manufacturers, the perceived noise varied slightly, which 
could be a confounding factor. This variation might have 
influenced our results, given some scientific evidence 
suggesting that specific levels of noise can affect the 
concentration of neurotypical individuals (Awada et al., 
2022). 

Furthermore, some participants mentioned the test's lengthy 
duration, which made it harder for them to concentrate 
toward the end of the experiment. It is also important to note 
that four different experimenters gave the instructions, 
which introduces the possibility of variations in the way 
directives were given. Nevertheless, a practice round was 
included in the experimental design, ensuring each 
participant understood the task regardless of how the 
instructions were given. 

Finally, small sample sizes are subject to many errors as they 
have bigger variability. Hence, they are more susceptible to 
false positive and false negative results.  A larger sample 
size would increase the precision of our results and make 
them more representative of the population studied.   

Conclusion 
White noise remains an astounding catalyst that requires 
further investigation to be fully understood. In the future, 
replicating this experiment with increased task difficulty and 
a larger sample size would not only garner a higher level of 
sensitivity but also give more precise results. Also, since 
participants had to go through the Sternberg task twice, 
shortening the overall duration of the experiment could 
improve precision. Furthermore, in the future, alphabetic 
letters can be used to expand the length of the list and even 
add more difficulty, if needed. In addition, presenting five to 

nine items instead of the current range could increase the 
difficulty and make the results better in assessing the effects 
of white noise on the learning and retention process. 
Research on different age groups will further elaborate the 
MBA model and shed light on the potential benefits of white 
noise in various contexts.  
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Measuring the Acceleration of 
the Montreal Metro using an 
Arduino Train Accelerometer​ 

Giovanna Amorim, Lucca Filippi, Ana Torres 

Abstract — This study aims to compare acceleration, deceleration, and vibration levels across various metro lines in Montreal 
(Green, Orange, Yellow, and Blue), different train models (MR-73 and Azur), and individual interstation sections. Using an 
accelerometer controlled by an Arduino Nano microcomputer, the data collected from 200 interstations revealed significant 

differences between the train models and metro lines. The older MR-73 trains exhibit higher vibration levels in comparison to 
the newer Azur trains (p < 0.00001). For acceleration (p = 1.00) and deceleration (p = 0.99), the Green and Orange lines 

show similar patterns. The Yellow line exhibits the highest average acceleration (1.30 ± 0.04 m/s²) (p = 0.21) and the Blue 
line the highest deceleration (-1.23 ± 0.15 m/s²) (p < 0.001). This research seeks to inform potential improvements in metro 

systems, contributing to urban transportation studies and ultimately improving passenger experience. 

Introduction 
Most people in urban environments rely heavily on public 
transportation systems, like the metro, to navigate their 
cities. Yet, few stop to consider the underlying mechanics of 
these systems, particularly their acceleration. This paper 
examines the acceleration and vibration of Montreal metros 
from a scientific perspective, using an accelerometer 
powered by an Arduino microcontroller to collect data. 
Inspired by daily experiences as Dawson College students 
commuting on this system, we aim to study the differences 
between metro lines, train models, and interstations, which 
are the spaces between two metro stations. 

The Montreal metro system, operated by the Société de 
Transport de Montréal (STM), serves as a vital 
transportation network, consisting of four lines: Green, 
Orange, Yellow, and Blue. It operates with two primary train 
models: the MR-73, in service since 1976, and the Azur 
trains, since 2016 [1]. As of 2025, the MR-73 models 
operate in the Blue, Green, and Yellow lines, while the Azur 
models in the Green and Orange lines. 

In this study, acceleration will be measured along three axes: 
X, Y, and Z. These measurements are influenced by two 
types of forces: inertial acceleration, caused by changes in 
velocity, and gravitational acceleration, resulting from the 
Earth’s gravitational field. For instance, when an 
accelerometer is placed in the metro, it measures the 
gravitational acceleration, g, in addition to the inertial 
acceleration caused by the train’s motion. 

Assuming a flat surface, gravitational acceleration can be 
subtracted from the total measurement to isolate inertial 
acceleration. However, the problem becomes more complex 
on an inclined plane. Here, the gravitational component 

along the incline is  where  is 𝑔 · 𝑠𝑖𝑛(θ) 𝑔 =  9. 81𝑚/𝑠2

Earth’s gravitational constant and  the angle of inclination. θ
As per Newton's equivalence principle, without additional 
data, such as , it becomes impossible to determine how θ
much of the vertical acceleration is due to gravity versus the 
metro’s inertial motion i.e. if the acceleration measured is 
due to the metro’s motion or to the changing slope [2][3]. 

Theoretical values for the acceleration and deceleration of 
the two train models are obtained from the STM and 
compared with the measured values. The maximum allowed 
acceleration is 1.207 m/s² for Azur trains and 1.431 m/s² for 
MR-73 trains, while the maximum allowed deceleration is 
-1.790 m/s² for Azur trains and -1.788 m/s² for MR-73 trains 
[4][5]. 

Concerning vibrations and lateral curvature, these metrics 
provide insights into the metro’s operation and passenger 
experience. Vibrations, quantified in this paper as the 
standard deviation of acceleration, allow for the comparison 
of the levels of comfort across different metro lines and train 
models. For example, newer Azur trains are expected to 
produce smoother rides than the older MR-73 models. 

Furthermore, lateral acceleration measurements on the X and 
Y axes can reveal track curvature. Assuming the metro train 
remains upright, these measurements indicate whether the 
train is turning left or right. By identifying patterns in 
vibrations and curvature, we can assess the impact of track 
design and train model on ride quality. 

By collecting these metrics, the acceleration and vibration 
levels of the Montreal metro system can be analyzed. 
Specifically, this study aims to compare acceleration, 
deceleration, and vibration levels across different metro lines 
(Green, Orange, Yellow, and Blue), different train models 
(MR-73 and Azur), and individual interstation sections. This 
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way, this research seeks to inform potential improvements in 
metro systems, contributing to urban transportation studies 
and ultimately improving passenger experience. 

Methods 
A systematic approach was implemented to collect, 
calibrate, and analyse acceleration and vibration data of 
Montreal’s metro system. 

Device 

The device is portable as the data must be collected on board 
the metro. It consists of a compact electronic circuit inside a 
cardboard box, small enough to fit under a metro seat. 
During data collection, the box must remain stationary, 
otherwise the acceleration data is not reliable. Some strips of 
anti-slip tape on the bottom of the box ensure a high enough 
friction between the box and the floor to stop it from 
moving. 

Circuit 

The circuit, shown in Figure 1, is composed of an Arduino 
Nano microcontroller, an MPU-6050 three-axis 
accelerometer, a light-emitting diode (LED), a switch, and a 
memory card (micro-SD card), all powered by a 9-volt 
battery. The battery is only connected to the microcontroller 
only before a period of data collection, called a run, to save 
battery power. The connections are made using a 
breadboard. The breadboard and microcontroller are both 
glued to the box to prevent unwanted motion and 
acceleration in the data. 

When power is received from the 9V battery, if a component 
is not correctly wired, the LED flashes red, otherwise it 
lights up blue. After this point, flipping the switch starts the 
data collection. 

The accelerometer is oriented perpendicular to the 
breadboard and parallel to one side of the box, as shown in 
Figure 1, on the right of the breadboard. This ensures that 
the three axes of the accelerometer correspond to the three 
physical axes of the box. These are defined in the following 
way: the X axis is vertical, the Y axis is longitudinal 
(forwards and backwards), and the Z axis is lateral (right and 
left). As the accelerometer is firmly kept in place by its 
multiple connections to the breadboard, its orientation 
relative to the box is assumed to be constant. One side of the 
box is designated as the front, such that accelerating in that 
direction registers a positive Y acceleration. 

 

Figure 1:  Circuit wiring diagram made with Circuito® 

Figure 2:  Fully wired circuit in the open box. The LED, visible at 
the bottom right of the image, is blue, indicating the circuit is ready 
for data collection. 

Procedure 

Every continuous period during which data is collected on 
the metro is called a run. Before each run, the circuit is 
powered by connecting the 9V battery. Once the LED 
indicates normal functioning, the box is placed on the floor 
of the metro, usually under a seat. The front of the box is 
always located in the direction of forward motion, with one 
side of the box against the wall to ensure the device is 
parallel to the metro. The switch is then flipped to start data 
collection. A data point consisting of the acceleration value 
for each of the X, Y, and Z directions is then recorded by the 
device 10 times per second. 

During a run, the experimenter records information about 
the run to categorize it, including the date, type of train, 
metro line, and start and end stations, as well as information 
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that can later be used to compare the context of different 
runs, such as number of people in the train, position in the 
train and in the train car. 

A run can last until the metro reaches the end of a line, or at 
any station before that point. To stop a run, the box is picked 
up ,and the switch is flipped. It is necessary to wait at least 
two seconds after the metro comes to rest before interacting 
with the device, since the acceleration is registered with 
some delay. Each run is saved in a separate 
comma-separated values (CSV) file on the micro-SD card. 
In total, 20 runs were done in the four lines of the metro, 
totaling 200 interstations. 95 of these interstations were on 
the green line, 74 on the orange line, 10 on the yellow line, 
and 21 on the blue line. 128 of the interstations were in Azur 
trains and 72 in MR-73 trains.​ 

Data Analysis 

Each CSV file is converted into a spreadsheet in Excel®. All 
data points before the first significant acceleration period of 
a run and after the last significant deceleration are deleted so 
that the run begins and ends with only a short period at rest. 
This procedure is necessary for proper calibration of the 
acceleration. 

Calibration 

Data collected from the accelerometer has an offset at rest 
from the expected 0 m/s2. The average value of a function 
over an interval is equal to its antiderivative divided by the 
length of the interval: 

 
 𝑎

𝑥,𝑎𝑣𝑔
= 1

𝐿  
0

𝐿

∫ 𝑎
𝑥

 

with  being the acceleration in any of the three axes. The 𝑎
𝑥

antiderivative of inertial acceleration is velocity, so the 
average value over the entire run is equal to the change in 
speed over the run, divided by the time of the run. Since it is 
specified that the run begins and ends at rest, the average 
value is zero. However, the accelerometer records inertial 
and gravitational acceleration together, so this formula is not 
exact. To simplify the calculations, gravitational acceleration 
is assumed to be 0. This only slightly affects the  Y and Z 
acceleration as the angle between the train and the horizontal 
is not significant (<3.76°). With this assumption, each axis 
of each run is calibrated as detailed. 

​Acceleration and deceleration​ 

To reduce the noise in the data, the average longitudinal 
acceleration over 10 data points is taken for the entire run. 
For each interstation, the highest and lowest values are 
recorded. An example of longitudinal acceleration for an 
interstation is shown in Figure 3.  

Vibration 

To quantify the vibration level of each interstation from the 
acceleration data, vibration is estimated using the standard 
deviation of the lateral and vertical accelerations. As the 
train vibrates, the accelerometer will record rapidly changing 
values. This method is arbitrary, as different parameters 
could lead to different values, but comparing all the data 
using the same method still allows for meaningful 
comparison. The standard deviation of both accelerations is 
taken separately for a moving interval of 100 points, then the 
resulting data series are smoothed by taking a moving 
average of 255 points as shown by Figure 4. The highest 
value each series reaches during each interstation is defined 
as the vibration level, on the lateral or vertical axis, of that 
interstation for the run and recorded as one data point. 

 

​Figure 3: Graph of longitudinal acceleration for one interstation, 
with the calibrated data in blue and its average over 10 data points 
in orange. The highest and lowest points of the orange curve over 
this interval are the maximum and minimum acceleration values for 
that interstation. The maximum occurs upon initial acceleration 
and the minimum during the final deceleration of the interstation. 

 

 

 

 

Figure 4: Graph of lateral vibration for the same interstation, with 
the 100 data points standard deviation in blue and its 255-point 
average in orange. The highest point of the orange curve over this 
interval is the lateral vibration level for that interstation. The two 
curves are offset due to the difference in number of data points 
being averaged. 

Lateral curvature 

An accurate map of the Montreal metro network is used to 
qualitatively match the maxima and minima of the lateral 
acceleration to physical characteristics of the path. Positive 
values are associated with curvature to the left, and negative 
values to the right. No exhaustive analysis was conducted 

28 



for this component of research, since its goal is only to 
determine whether the device is a viable way to obtain data 
for that purpose. 

Results 
A comparative analysis of acceleration and vibration levels 
across different metro lines and models is presented below. 

Acceleration and Deceleration 

The highest average acceleration is observed on the Yellow 
line (1.30 ± 0.04 m/s²), while the Blue line has the lowest 
(1.24 ± 0.05 m/s²). The Green (1.28 ± 0.06 m/s²) and Orange 
(1.27 ± 0.03 m/s²) lines show nearly identical acceleration 
values (p = 1.00). In terms of deceleration, the Blue line 
registers the highest average (-1.23 ± 0.15 m/s²), whereas the 
Yellow line has the lowest (-1.07 ± 0.24 m/s²). 

A comparison between train models shows that the Azur and 
MR-73 trains have similar acceleration values (1.27 ± 0.04 
m/s² and 1.28 ± 0.05 m/s², respectively), (p = 0.21). 
However, the Azur reveals a lower variability, and thus a 
more consistent performance. In contrast, MR-73 trains 
exhibit a higher average deceleration (-1.25 ± 0.19 m/s²) 
compared to Azur (-1.14 ± 0.22 m/s²), (p < 0.001). 

Measured acceleration values for Azur trains frequently 
exceed the expected theoretical maximum (1.207 m/s²), (p = 
0.003) with some data points also surpassing the expected 
deceleration limit of -1.790 m/s² [4]. In contrast, MR-73 
acceleration and deceleration values align more closely with 
theoretical values (1.431 m/s² and -1.788 m/s², respectively), 
(p < 0.00001, for both) [5]. A complete overview of the data 
is provided in Figures 5 and 6. 

​Figure 5: Box plot (whiskers show 1.5 IQR) for the maximum 
acceleration for each interstation of the metro. The median is 
indicated by a horizontal line, the average by a cross. Outliers are 
shown for all categories, all points for the Yellow line are shown 
because of the small sample size (n=10) 

​Figure 6: Box plots for the maximum deceleration for each 
interstation of the metro. Parameters are the same as for Figure 5. 
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Vibration 

Vibration levels vary significantly between train models (p < 
0.00001) and metro lines (p < 0.00001 for all comparisons 
except green-orange, p = 0.00088, and green-blue, p = 
0.037). The MR-73 trains, as well as the lines primarily 
operating them, exhibit higher vibration levels as opposed to 
Azur trains. The Yellow line has the highest vibration levels, 
while the Orange line has the lowest as shown in Figures 7 
and 8. 

Figure 7: Box plot for lateral vibration level for each interstation. 
The data from the Green line are separated between the Azur (left) 
and MR-73 (right) models due to a significant difference. Other 
parameters are the same as for Figure 5. 

 

Figure 8: Box plot for vertical vibration level for each interstation. 
Parameters are the same as for Figure 8. 

Lateral curvature 

Lateral acceleration patterns correspond qualitatively with 
the curvature of the metro tracks. These measurements are 
due to the radial acceleration necessary in any curve and to 
the fact that tracks are often tilted towards the center of 
curvature. Both phenomena are sensed by the accelerometer 
in the lateral axis. By comparing acceleration peaks to a 
reference map of the Montreal metro system shown in 
Figure 9, turns and straight segments can be inferred from 
the recorded data [6]. 

 

Figure 9: Sections of Montreal’s metro system, represented in a 
geographical map, compared to the lateral acceleration 
measurements. 

Discussion 
The main goal of this research was to determine whether the 
Montreal metro models and lines significantly vary in a 
measurable way. To do so, various runs were conducted, as 
described in Methods, and the data collected were compared. 
Quantifying acceleration and vibration levels confirmed the 
presence of these differences. The findings generally align 
with the theoretical data and information obtained from the 
STM.  

Multiple methods were employed to ensure data analysis, 
one of which is data calibration. This process was necessary 
due to Earth’s gravitational field, which offsets the Y axis’s 
data by . Vertical acceleration was thus calibrated to, on 𝑔
average, lie at 0, such that any upwards or downwards 
motion performed by the metro would be measured 
separately from the gravitational acceleration. This does not 
affect the results obtained, while enabling the data to reflect 
more accurately how the train behaves, allowing thus for the 
graphs to represent the situation in a more visual manner. 

Much of the data was collected from one non-terminus 
station to another non-terminus station. This meant that data 
from different stations belonging to the same line could be 
found across multiple different files, which may have been 
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measured under slightly different conditions. To take this 
into account, a way to subdivide the data to be collected was 
adopted. By measuring and calculating acceleration and 
vibration for each interstation rather than averaging over 
entire metro lines, information was extracted from small 
units. T-tests were performed, as well as ANOVA, to 
determine the significance of the results. 

In summary, the calibration of vertical acceleration provided 
more accurate data, allowing for clearer visualization of the 
train's behavior. Furthermore, segmenting the  data at the 
interstation level enhanced the precision of the findings, 
offering valuable insights into the metro’s motion. 

Conclusion 
The data shows that there are quantifiable variations 
between the different trains and lines. For maximum 
acceleration, the Yellow line exhibits the highest values, 
while the Blue line, the lowest. As for maximum 
deceleration, the inverse occurs. In both cases, the Green and 
Orange lines are approximately equal to each other (p = 1.00 
and p = 0.99). Concerning vibrations, the MR-73 has 
distinctly higher levels as compared to the Azur train (p < 
0.00001). The results also show the vertical vibration levels 
being significantly higher than the lateral ones (p < 
0.00001). Observations of the lateral acceleration data also 
made it possible to detect curves in the metro’s path. Finally, 
the experimental values relating to acceleration mostly 
exceed the theoretical values.​ 

Limitations​ 

The metro does not travel on flat ground in the tunnels, thus, 
a component of gravitational acceleration is registered as 
inertial acceleration. This can explain values higher than 
their theoretical maximum.​ 

The dataset obtained is potentially not representative of the 
entire metro network. The number of downtown interstations 
and runs during rush hour is higher, for example, due to our 
method of data collection process of collection.​ 

Impacts​ 

This paper demonstrates an inexpensive way to analyze the 
performance of Metro trains with respect to passenger 
comfort. Similar methods could be used by the STM to test 
whether limits on acceleration and vibration levels are 
respected in the Metro network. 

Further research​ 

Using an Arduino-compatible gyroscope would enable the 
determination of the angular orientation of the metro at any 
time, thus allowing for a further analysis of acceleration. 
Once this is accomplished, a study of the REM could also be 
conducted, since its tracks often have a non-negligible 

deviation from the horizontal plane, particularly in curves. 
More advanced mathematical tools, such as the 
determination of the radius of curvature of a curve, could 
then be used to gather more quantitative data about the 
physical layout of the tracks, rather than qualitative as is 
currently the case. 

Numerical integration of the longitudinal acceleration could 
make calculating the speed reached by the metro possible, 
providing more data to compare to theoretical values.​ 
However, this is only possible once the discrepancy between 
inertial and gravitational acceleration is taken into account. 

With more data, it would be possible to compare the 
acceleration and vibration differences between older and 
newer tracks, since this information is available. This could 
lead to an explanation for the difference in vibration between 
different interstations. 
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The Effects of Osmotic Stress 
on Lipid Production of 
Symbiotic C. vulgaris and Yeast 
Polyculture 

Bill Huynh-Lu, Dante Daniel Garcia Perez, Hoi Ching Wat, Yangxiang Li 

Abstract — Polycultures of microalgae and yeast hold the potential to facilitate biodiesel production. The experiment 
proposed in this paper aims to investigate the effects of osmotic stress due to NaCl on mixed cultures of Chlorella vulgaris 
and Rhodotorula glutinis in altering lipid yield. Two seed cultures were separately developed from C. vulgaris TISTR 8261 
and R. glutinis TISTR 5159. Two mixed cultures, a control group and an experimental group, were each inoculated by the 
two seed cultures in a 1:1 ratio and developed under the following conditions: initial pH at 5.0, molasses concentration at 
1%, shaking speed at 200 rpm, klux light intensity at 5.0, temperature at 30°C and 16:8 h light and dark cycles for 168 h. 
The experimental group was subjected to the following NaCl concentration schedule: 2 g/L at 80 h, 4 g/L at 100h and 6 g/L 
at 120 h. Our proposed experiment predicts a lipid yield of 3.47 ± 0.19 g/L, which is a 20.6% increase from a previously 
found yield of  2.88 ± 0.16 g/L for a control polyculture. 

Introduction 
Climate change and global warming will present serious 
threats to human health in the coming decades. Thus, in 
limiting anthropogenic global warming, carbon dioxide 
emission mitigation strategies are of critical importance 
(IPCC, 2023). One promising approach that could mitigate 
emissions while providing byproducts of interest is the 
cultivation of microalgal species (Wang et al., 2008). 
Microalgae, which include both eukaryotic and prokaryotic 
photosynthetic organisms, have unicellular or multicellular 
structures allowing them to thrive in a variety of 
environments (Couraud et al., 2010). In the context of diesel 
production, microalgae cultivation may replace fossil fuel 
extraction by producing lipids which, via transesterification, 
can be transformed into biodiesel (Christi, 2007). 

A. Inducing Osmotic Stress with NaCl 

Of particular interest to this paper is Chlorella vulgaris, a 
widely cultivated and studied species of microalgae. Given 
its suite of secondary metabolites, C. vulgaris has found uses 
in pharmaceuticals, aquaculture, biofuels, and agriculture. Its 
ability to synthesize proteins, carbohydrates, and lipids is 
essential to its unique applications in these industries (Ru et 
al., 2020; Wang et al., 2008). Furthermore, it is known that 
the production of these metabolites in C. vulgaris can be 
altered with the help of certain biotic and abiotic stressors 
(Ru et al., 2020; Yang et al., 2018). 

In eukaryotic organisms, cellular responses to biotic and 

abiotic stresses are mediated by mitogen-activated protein 
kinase signalling pathways; as the cells are subjected to 
stress, mechanoreceptors situated on the cytoskeleton 
activate signalling pathways to direct lipid synthesis (Yang 
et al., 2018). Among other environmental parameters, 
salinity is one whose adjustments cause alterations in the 
production of lipids in microalgae due to both osmotic and 
oxidative stress (Ru et al., 2020; Duan et al., 2012). As such, 
it has been demonstrated that lipid production in microalgae 
can be increased by inducing osmotic stress due to high 
salinity in the microalgae culture medium (Zhao et al., 
2018). 

When certain concentrations of NaCl are added to the 
culture medium at the initial stage of cell growth, C. vulgaris 
growth is inhibited as osmotic stress increases (Duan et al., 
2012). Despite that, findings also suggest that inhibition of 
cell growth is reduced if C. vulgaris is cultivated in a 
medium with a NaCl concentration of 2 g/L at 80 h, 4 g/L at 
100 h, and 6 g/L at 120h to achieve an optimal increase of 
20% in lipid yield, which yielded an intracellular lipid 
concentration of up to 67.2%. 

Given the simplicity and low cost of the procedures involved 
in altering salinity, these findings motivate the first part of 
the experiment proposed in this paper, which uses NaCl to 
induce lipid production. 

B. Mixed Cultures of C. vulgaris and R. glutinis 

Previous studies have shown that there are significant 
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advantages to symbiotic, mixed cultures of C. vulgaris and 
Rhodotorula glutinis over pure cultures (Zhang et al., 2014). 
Improved metabolite yields, a higher growth rate, and 
greater biomass concentrations were among the differences 
found (Santos et al., 2014). This mutual symbiosis suggests 
that the yeast (R. glutinis) provides CO2 for C. vulgaris 
(Santos et al., 2014). Conversely, the microalga (C. vulgaris) 
provides O2 for the yeast as a byproduct of photosynthesis. 
In a mixed culture, both species produce lipids while 
supporting each other. 

Furthermore, mitogen-activated protein kinase signalling 
pathways in yeasts were also stimulated under osmotic 
stress. Their glycerol production was increased under 
hyperosmotic pressure. (Hohmann S., 2002; Jing et al., 
2018) Since glycerol is the precursor and the backbone of 
lipids (Dowhan, W., 2016), it is suggested that osmotic 
pressure can also increase lipid yield in R. glutinis. 

Given the current literature on inducing metabolite 
production in C. vulgaris and the potential advantages of 
mixed cultures with yeast, our proposed experiment aims to 
investigate the effects of osmotic stress by NaCl on a mixed 
culture of R. glutinis and C. vulgaris. A formal null and 
alternative hypothesis is provided in Appendix A. 

Materials and Methods 
The materials and methods for the experiment proposed in 
this paper are partly based on those used by Cheirsilp et al. 
(2011).  

A. Microorganisms and Seed Cultures  

To produce the mixed culture, R. glutinis TISTR 5159 and 
C. vulgaris TISTR 8261 from the Thailand Institute of 
Scientific and Technological Research were initially cultured 
separately. 

To culture the yeast R. glutinis, a yeast and malt extract (YM 
medium) agar slant was prepared. One liter of YM medium 
contained glucose (10 g), peptone (5 g), yeast extract (3 g), 
malt extract (3 g), and agar (15 g). The pH was adjusted to 
6.0 using 1 M NaOH or 1 M HCl solutions depending on the 
initial pH of the medium. A plate culture was incubated at 
30°C for 24 hours. The cells were then transferred to 250 
mL flasks containing 50 mL of the culture medium. The 
flasks were incubated at 30°C and shaken at 140 rpm on an 
orbital shaker for 24 hours for seed culture (Cheirsilp et al., 
2011). 

To culture the microalga C. vulgaris, a modified Chu13 
medium was used (Tansakul et al., 2005). One litre of Chu 
13 medium contained KNO3 (0.2 g), K2HPO4 (0.04  g), 
MgSO4∙7H2O (0.1 g), CaCl2∙2H2O (0.054 g), Fe citrate 
(0.01 g), citric acid (0.1 g), NaHCO3 (0.036 g), and a trace 
nutrient solution (1 mL). The trace nutrient solution of 1 litre 
consisted of H3BO3 (2.85 g), MnCl2∙4H2O (1.8 g), 
ZnSO4∙7H2O (0.02 g), CuSO4∙5H2O (0.08 g), CoCl2∙6H2O 

(0.08 g), and Na2MoO4∙2H2O (0.05 g). The pH was 
adjusted to 6.7 before sterilization. Pre-cultures were carried 
out in 250 mL flasks containing 50 mL of the culture 
medium. The flasks were incubated at 30°C and at 140 rpm 
under 3.0 lux light intensity using cool-white, fluorescent 
lamps (Toshiba, Japan) with 16:8 hours of light and dark 
cycles for 72 hours for seed culture (Cheirsilp et al., 2011). 

B. Mixed Culture Medium 

The mixed culture medium consisted of a solution with the 
following composition: molasses (62% total sugar) 
concentration at 1% (62% total sugar), nitrate concentration 
at 16 mg/L, and an adjusted initial pH of 5.0 (Cheirsilp et al., 
2011). 

C. Control and Experimental Cultures 

A control and an experimental mixed culture were prepared 
in 250 mL flasks. Each contained 50 mL of mixed culture 
medium. Both were inoculated with a 10% seed culture of 
yeast and microalga in a 1:1 ratio and cultivated in the 
following optimal conditions for greater lipid yield: 30°C, 
shaking speed of 200 rpm, 5.0 klux light intensity, 16:8 h 
light, and dark cycles for 168 h (Chierspil et al., 2011). 

Whereas the control culture medium was not modified any 
further, the experimental culture medium followed the 
optimal NaCl concentration schedule developed by Duan et 
al. (2012): 2 g/L at 80 h, 4 g/L at 100h, and 6 g/L at 120h. 
Both cultures were analyzed for their lipid contents after 168 
h. 

D. Analytical Methods 

Instead of the Soxhlet extraction technique used in the study 
investigating the effect of osmotic pressure effect on C. 
vulgaris (Duan et al., 2012), the Folch extraction method 
was employed for this experiment as it facilitates a large 
sample size extraction and requires less time (Zhou et al., 
2022). 

The Folch extraction method was used to extract the lipid 
from the biomass (Folch et al., 1957; Saini et al., 2021). The 
sample was mixed with chloroform and methanol (2:1, v/v). 
The ratio between the sample and the solvents was 1:20. 
Then, the filtrate solution volume was readjusted to 20 mL 
with chloroform and methanol. 4 mL of the filtrate was then 
mixed with 0.05 M salt solution.  

The solution was centrifuged at 2000 rpm and the lower 
phase of the filtrate was collected using a siphon (Saini et 
al., 2021). 
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Figure 1: The Folch extraction technique (Zhou et al., 2022). 

Results & Predictions 
Our procedure to cultivate the C. vulgaris and R. glutinis 
polyculture was based on an experiment that obtained a lipid 
yield of  2.88 ± 0.16 g/L  and a biomass of 4.63 ± 0.15 g/L 
(Cheirsilp et al., 2011). Thus, we expect to obtain similar 
lipid yield and biomass results for our control group. 

For the experimental group in previous studies, under the 
optimal osmotic conditions (2 g/L at 80 h, 4 g/L at 100 h, 
and 6 g/L at 120 h), the lipid yield was found to increase by 
20.6% in C. vulgaris monoculture (Duan et al., 2012). We 
expect a similar increase for our experimental group 
compared to our control group. We predicted that the mixed 
culture of R. glutinis and C. vulgaris would achieve a lipid 
yield (of 3.47 ± 0.19 g/L) after 120 h, as suggested by the 
predicted lipid yield calculation in Appendix B. 

Discussion 

Microalgae have been proposed to be an alternative 
approach for non-renewable diesel energy and as a potential 
solution to our energy crisis (Christi, 2007; Wang et al., 
2008; IPCC, 2023). There were already numerous attempts 
to improve and optimize the lipid production of microalgae, 
notably the C. vulgaris strain, by using the C. vulgaris and 
R. glutinis polyculture and by applying osmotic pressure 
(Cheirsilp et al., 2001; Duan et al., 2012). In recent years, 
the effects of abiotic pressure and the use of stressors on C. 
vulgaris to improve the production of certain metabolites 
have drawn more attention (Duan et al., 2012; Ru et al., 
2020; Yang et al., 2018). 

However, no known literature exists on the effect of osmotic 
stress on C. vulgaris and R. glutinis polyculture yet. Thus, 
we proposed to further refine and perfect the biodiesel 
approach by subjecting a C. vulgaris and R. glutinis 
polyculture to osmotic stress, since both C. vulgaris and R. 
glutinis organisms can activate the mitogen-activated 
signalling pathways, which can direct the lipid synthesis 

under osmotic stress (Hohmann S., 2002; Yang et al., 2018). 
We predicted that our experimental polyculture group would 
benefit from the increased osmotic stress condition, thus 
enhancing the lipid yield by approximately 20.6% compared 
to the control group (Duan et al., 2012; Cheirsilp et al., 
2011). 

Since the Folch extraction method was used instead of the 
Soxhlet extraction method (Duan et al., 2012) and the gas 
chromatography method (Cheirsilp et al., 2011), the exact 
lipid yield might have differed from our original prediction. 
Nonetheless, we still expected a difference in the lipid yield 
between our control and experiment groups. However, an 
analysis of the results obtained through experimental means 
is required to accept the alternative hypothesis. 

If the osmotic pressure influences the lipid yield in 
polycultures, its exact mechanism still requires further 
investigation. A better understanding of that mechanism can 
further improve biodiesel techniques and change the future 
of the bioenergy field. Other than the effects of osmotic 
pressure on polycultures, the influence of different abiotic 
and biotic stressors on polycultures also remains to be 
investigated. 
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Appendixes 
Appendix 1 

A. Null Hypothesis 

If the lipid yield of a mixed culture consisting of C. vulgaris and R. glutinis grown for 5 days and salinized at 2 g/L after 80 h 
of growth, at 4 g/L after 100 h, and at 6 g/L after 120 h does not differ significantly from that of a control group which has 
not been salinized throughout its growth, then osmotic stress induced by NaCl has no effect on the aforementioned 
polyculture’s lipid production 

B. Alternate Hypothesis 

If the lipid yield of a mixed culture consisting of C. vulgaris and R. glutinis grown for 5 days and salinized at 2 g/L after 80 h 
of growth, at 4 g/L after 100 h, and at 6 g/L after 120 h does differ significantly from that of a control group which has not 
been salinized throughout its growth, then osmotic stress induced by NaCl has an effect on affects the aforementioned 
polyculture’s lipid production. 

Appendix 2 

A. Predicted Lipid Yield of the Experimental Group 

2.88 ± 0.16 g/L × 120.6% = 3.47 ± 0.19 g/L 
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The Effect of Specific Ambient 
Air Pollutants on Breast Cancer 
Incidence Across US Counties 

Thomas Robinson, Xintong Hou, Lea Bleibela 
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Abstract — The goal of this study is to examine the relationship between air pollutant concentrations and Age-Standardized 
Incidence Rates (ASIR) of breast cancer in various counties across the United States. Air pollution factors examined include 
NO2, O3, particulate matter (PM2.5 and PM10), and AQI, controlling for socioeconomic factors. Two separate time periods of 
predictive data were examined: the five-year period before (2011-2015) and the five-year period during the breast cancer data 
set (2016-2020). A multiple regression analysis was performed for each time frame as well as simple linear regressions for 
specific variables. Current air pollutant concentrations of NO2 were positively associated with breast cancer incidence, 
verifying past literature. O3 concentrations, a less studied pollutant, were unexpectedly negatively associated with breast 
cancer incidence. This study serves to understand the effect of ambient, low-concentration, and likely traffic-influenced air 
pollution on breast cancer incidence in the United States.  

 

Introduction 
In contemporary discourse, there are many concerns about 
cancer in scientific discussions. Amidst the myriad of factors 
that may affect cancer incidence rates, this study aims to 
shed light on one factor in particular: ambient air pollution. 
In this study, the air concentrations of key chemical 
compounds such as ozone (O3), nitrogen dioxide (NO2), 
aerosols of diameter of 2.5 µm or less (PM2.5), and aerosols 
of diameter 10 µm or less (PM10) were analyzed on a 
county-by-county basis. NO2 in particular has been found to 
be a good proxy for traffic-related air pollution (Moshammer 
et al., 2020). As an overall indication of air quality, the 
median air quality index across all pollutants (AQI) for each 
county was also analyzed. This study aims to elucidate their 
potential correlation with breast cancer incidence, as breast 
cancer is the primary form of cancer diagnosed among 
women in the US (White et al., 2018). In previous literature, 
small-scale studies of selective populations have found that 
NO2 has a positive correlation with breast cancer incidence 
rates (Goldberg et al., 2019). Furthermore, particulate matter 
has been found to have no significant link with breast cancer 
incidence in meta-analysis, though it is associated with 
breast cancer mortality rates (Zhang et al., 2019). This study 
aims to investigate these findings.  

Through data collection, analysis and pattern recognition, 
this study seeks to uncover correlations between air 
composition in different locales and the prevalence of breast 
cancer. The hypothesis posits that counties with higher air 
pollution levels will exhibit elevated cancer rates. To 

substantiate these claims, extensive references to U.S. cancer 
statistics dashboards and academic literature will be 
employed (National Cancer Institute, n.d.). Furthermore, 
potential confounding variables such as median income, 
poverty level, and education level will be included in the 
analysis, as several studies have indicated that a higher 
socioeconomic status has a positive relationship with breast 
cancer incidence (Lundqvist et al., 2019). 

This research aims to contribute valuable insights into the 
intricate relationship between air pollution and cancer 
incidence, paving the way for informed policy decisions and 
targeted interventions in public health. 

Methods 
To compare data for distinct counties between data sets, the 
FIPS codes of each county were used to organize data, with 
each distinct code representing a specific county in the U.S. 
128 counties across 38 states and one district (Washington 
D.C.) were used in the analysis (See Appendix 6 for a full 
list of counties analyzed). Data from Connecticut, as well as 
data from the US territories of Puerto Rico and from the US 
Virgin Islands, were excluded from the analysis because of 
their inconsistent data formatting across data sets. 

Breast Cancer Incidence Rate Data Set 

Data on the incidence rates of breast cancer in women across 
US counties were acquired from the National Cancer 
Institute (n.d.). This data set contained the mean ASIR 
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(Age-Standardized Incidence Rate) per 100,000 people of 
each county between 2016 and 2020. 

Air Pollution Data Sets 

Air pollution data sets for all United States counties were 
acquired from the US Environmental Protection Agency 
(2024). In this study, the annual arithmetic means of the 
concentrations of the pollutants ozone (O3), nitrogen dioxide 
(NO2), and particulate matter (PM2.5 and PM10) were used: 
each corresponding to an FIPS code assigned to the outdoor 
air pollution monitor established by the EPA. Where there 
were multiple pollutant standards for each pollutant, the 
standard selected for analysis was the most recent: Ozone 
8-hour 2015, NO2 1-hour 2010, PM2.5 Local Conditions 
Annual 2012, and PM10 Total 0-10 µm 24-hour 2006. 
Where there were multiple monitors collecting data for the 
same pollutant standard in one county, the arithmetic mean 
was taken from the average concentration value using IBM 
SPSS (Version 29). To ensure data quality, data points 
marked as incomplete or uncertified were excluded from the 
analysis since, according to the EPA’s verification standards, 
incomplete and uncertified data may include large biases and 
errors that would impact the results of this study (US 
Environmental Protection Agency, 2023). Annual AQI data 
describing the median air quality index of each county used 
in this study was also acquired from the EPA. Annual data 
for each air pollution indicator was compiled into two 
separate sections according to time collected for analyses: 
one being 2016-2020, the five-year period of our breast 
cancer incidence data; and the other being 2011-2015, the 
five-year period before our breast cancer incidence data. For 
each five-year period, we took the mean value of each 
pollution indicator for every county with two or more years 
of data. This method resulted in differing counties for the 
two time periods of analysis: the 2011-2015 data set contains 
60 counties, while the 2016-2020 data set contains 119 
counties; 51 counties are in common across the two data sets 
(see Appendix 2).  

Confounding variables 

Previous studies have found that socioeconomic factors 
influence breast cancer incidence (Lundqvist et al., 2016). 
Thus, to control for confounding variables, poverty, median 
income and education attainment data sets were acquired 
from the US Census Bureau (2016). Data was again 
compiled into two five-year periods: 2012-2016 and 
2016-2020. Data sets analyzed for each county were the 
percentage of the population below the poverty line 
(poverty), the median income of the population above age 16 
with earnings (income), and the percentage of adults above 
age 25 without a high school diploma (uneducatedness).  

Statistical analysis 

The data was compiled into two tables: one containing ASIR 
from 2016-2020 along with NO2, O3, PM10, PM2.5, and 
AQI data from 2011-2015 as well as poverty, income, and 
uneducatedness data from 2012-2016 (“before” data); and 
the other containing ASIR from 2016-2020 along with the 
same markers from 2016-2020 (“during” data).  

The simple linear regression formula is given by Equation 1. 

  𝐴𝑆𝐼𝑅 =  β
0

+ β
1
 𝑋 + ϵ (1) 

where   represents the intercept of the model,  represents β
0

𝑋
the dependent variable (NO2, O3, PM2.5, PM10, AQI),  β

1
represents the regression coefficient, and  represents the ϵ
model error.  

Thus, following the simple linear regression model, the 
multiple linear regression formula is given by Equation 2. 

  𝐴𝑆𝐼𝑅 =  β
0

+ β
1

· 𝑁𝑂
2

+ β
2

· 𝑂
3

+ β
4

· 𝑃𝑀2. 5
               + β

5
· 𝑃𝑀10 + β

6
· 𝑈𝑛𝑒𝑑𝑢𝑐𝑎𝑡𝑒𝑑𝑛𝑒𝑠𝑠

               + β
7

· 𝑃𝑜𝑣𝑒𝑟𝑡𝑦 + ϵ
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where  represents the intercept of the model, β
0

 represent partial regression coefficients, and β
1
,  β

2
 ,  β

3
 ...  β

7
 represents the model error. For a summary of all variables ϵ

included in the analysis with respective units, see Appendix 
5.  

Data and Code Availability 

The R code used to analyze the data can be found at the 
following link: 
https://github.com/itsthomasandstuff/R-code-for-breast-canc
er/tree/main 

Results 
For both the “before” and “during” data sets, each 
observation and outcome was tested for normality using the 
Shapiro-Wilk test. Most of the data was normally 
distributed; however, some variables were not (p < 0.05). In 
the “before” data set, ASIR and uneducatedness were not 
normally distributed. In the “during” data set, PM2.5, PM10, 
AQI, uneducatedness, poverty, and income were not 
normally distributed. We believe that this non-normality had 
no significant impact on our findings (Berry et al., 1985). 
See Appendix 4 for a summary of the normality for each 
variable. 
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Predictor Regression 
Coefficient Standard Error t Value p Value 

NO2 0.440 0.243 1.812 0.076 

O3 -440.542 425.294 -1.036 0.305 

PM2.5 1.804 0.929 1.943 0.057 

PM10 0.391 0.400 0.977 0.333 

Uneducatedness -1.647 ** 0.572 -2.877 0.0058 

Poverty -0.232 0.484 -0.479 0.634 

Intercept 138.760 *** 20.717 6.698 < 0.001 

Table 1: Summary of “before” data multiple regression model, adjusted R2 = 0.200. * significant at p < 0.05, ** significant at p < 0.01, 
*** significant at p < 0.001 

Before running models, the covariance of our variables 
was assessed. As expected, all socioeconomic markers 
had relatively high correlations with each other across 
both data sets. Both data sets also had a small positive 
correlation between NO2 and ASIR and a small negative 
correlation between O3 and ASIR. 

Simple linear regression models were used to predict 
ASIR using each of the predictor variables. Each of these 
models is summarized in Appendix 1. Plots of select 
models are found in Appendix 3. The R-squared values 
for each model ranged from approximately zero to 0.10. 
PM2.5 in the “before” period had a positive correlation 
with ASIR (p < 0.05); O3 in the “during” period had a 
negative correlation (p < 0.001); PM10 in the “during” 
period had a negative correlation (p < 0.001); and AQI in 
the “during” period had a negative correlation (p < 0.001). 
Because of the low R-squared values and because these 
models do not account for confounding variables, these 
models were considered insufficient to draw conclusions 
from. 

To account for more of the variance seen in the data, a 
multiple regression model was run for each data set. Since 
AQI had a relatively high correlation with all other 
pollution markers (> 0.25 for “before” and > 0.45 for 
“during”) and because of its non-specific nature, it was 
excluded from the model. Education and poverty data 
were included as confounding variables, while income 
data was excluded because of its high correlation with 
poverty (< -0.56 for both “before” and “during”) and 
because it had the lowest correlation with ASIR among 
the socioeconomic indicators. The results of the models, 

reported using non-standardized regression coefficients, 
are summarized in Table 1 for the “before” data set and in 
Table 2 for the “after” data set. The “before” model had 
an adjusted R-squared value of 0.200 and the “during” 
model, of 0.320. This suggests that our predictor variables 
account for approximately 20.0% and 32.0% of the 
variation in the response variable for each model, 
respectively. The increased R-squared value in the 
“during” model suggests that this model is a better fit for 
the data. The low R-squared values and the absence of 
comparable data for validation underscore the need for 
additional data and potential predictors to enhance the 
models’ reliability and generalizability. 

The “before” model returned no significant results for 
pollution indicators. However, there was a significant 
negative correlation found between uneducatedness and 
ASIR (p < 0.01). On average, each 1% increase in 
uneducatedness was associated with a decrease of about 
1.6 cases per 100,000 people. The “during” model 
returned a significant positive correlation between NO2 
and ASIR (p < 0.01), with each 1 ppb increase in NO2 
concentration being associated with an increase of about 
0.46 cases per 100,000. Most interestingly, it also returned 
a significant negative correlation between O3 and ASIR (p 
< 0.01), with each 1 ppm increase in O3 concentration 
being associated with a decrease of about 742.3 cases per 
100,000. Although this may seem like a dramatic change, 
keep in mind that the ozone concentrations in our study 
had a range of only 0.020 ppm for the “before” model and 
0.032 ppm for the “during” model.  
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Predictor Regression 
Coefficient Standard Error t Value p Value 

NO2 0.455 ** 0.162 2.815 0.0058 

O3 -742.276 ** 242.833 -3.057 0.0028 

PM2.5 1.146 0.748 1.532 0.128 

PM10 -0.106 0.236 -0.452 0.652 

Uneducatedness -1.308 *** 0.302 -4.330 0.000033 

Poverty -0.064 0.334 -0.192 0.848 

Intercept 156.141 10.111 15.442 < 0.001 

Table 2: Summary of “during” data multiple regression model, adjusted R2 = 0.320.* significant at p < 0.05, **  significant at p < 0.01, 
*** significant at p < 0.001 

Similarly to the “before” model, it indicated a significant 
negative correlation between uneducatedness and ASIR (p 
< 0.001), with each 1% increase in uneducatedness being 
associated with a decrease of about 1.3 cases per 100,000. 

Discussion 
These findings showed a positive correlation between 
atmospheric concentrations of nitrogen dioxide and breast 
cancer incidence and a negative correlation between 
ozone concentrations and breast cancer incidence. No 
significant correlation between PM2.5 or PM10 and 
breast cancer incidence was found. Data taken from the 
same five-year period as the cancer data was a better 
predictor than data taken from the five-year period before; 
and its model accounted for more of the variance in the 
data (R2 = 0.320 vs. R2 = 0.200), although this may be 
explained by the smaller sample size of the “before” data 
(N = 60 vs N = 119).  

The results account for socioeconomic indicators such as 
poverty and education levels. Among these 
socioeconomic factors, level of education seemed to be 
the best predictor, with better-educated counties having 
higher rates of breast cancer. This verifies previous 
studies stating that higher socioeconomic status, with 
education level being a consistent evaluator as it is less 
likely to change over the course of a lifetime than income, 
is linked to higher incidence rates of breast cancer 
(Lundqvist et al., 2016). One previous study focusing on 
educational attainment posited that this increase in 

incidence rate is due to the increased risk factors in the 
lives of better-educated women, such as being older at 
first birth, utilizing hormonal birth control, and being 
childless. However, after adjusting for known risk factors, 
there remained an association with educatedness, though 
no longer significant, suggesting other factors that may 
influence cancer incidence and prompting further research 
(Heck & Pamuk, 1997). 

The positive correlation with NO2 confirms and elaborates 
on previous findings (Goldberg et al., 2019). The lack of 
correlation with particulate matter also aligns with past 
research (Zhang et al., 2019). The negative correlation 
with O3 is an unexpected result and is harder to explain. A 
few factors could potentially explain these results, such as 
that ozone is thought to be helpful for certain cancer 
treatments, in which tumour growth would be inhibited by 
exposure to ozone in low concentrations (Clavo et al., 
2018). Furthermore, one study found that higher ozone 
concentrations are associated with lower mammographic 
breast density in cancer-free women. This suggests that 
increased ozone contact can decrease fibroglandular 
structures due to oxidative stress, lowering breast density 
and decreasing breast cancer risk as high mammographic 
breast density is a well-known risk factor for breast cancer 
(Zhang et al., 2019).  Another possible explanation lies in 
the fact that ground-level,  tropospheric, ozone explored 
in this study is produced photochemically from precursors 
in the air, being directly correlated with ultraviolet 
radiation levels (Sicard, 2021; Chadyšiene et al., 2005). 
This ties into the results of previous studies showing that 
sunlight and ultraviolet radiation exposure decrease breast 
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cancer risk, potentially due to factors such as the 
protective effect of vitamin D against breast cancer (Hiller 
et al., 2020). It is hence possible that the negative 
correlation with ASIR observed in our results is due to 
sun exposure instead of ozone itself.  

The simple regression models suggest a possible positive 
correlation between PM2.5 and breast cancer incidence 
and a possible negative correlation with PM10. These 
findings may merit further research; however, the limited 
nature of the simple models renders it difficult to draw 
conclusions from them. 

Limitations 

The use of county-wide averages rather than individual 
reports created some level of uncertainty in our data. 
Additionally, the data had a relatively low sample size (N 
= 60 for “before,” N = 119 for “during”). Data from 
Connecticut, Puerto Rico, and the Virgin Islands were 
also excluded due to formatting issues. The models in this 
study also failed to account for racial and ethnic factors 
which impact cancer incidence rates (Cancer Research 
UK, 2022; Gregory, 2022; Mutale, 2022).  

The primary limitation of our study was missing data. 
Incomplete and uncertified observations from the 
pollution data sets were excluded as we believed that the 
inclusion of such data could introduce uncertainty into our 
results. Incomplete and uncertified data as per the EPA’s 
certification process indicates that there is a myriad of 
large potential errors, including bias of ≥20%, 
incompleteness of ≥65%, and defects with the monitor 
itself (US Environmental Protection Agency, 2023). 
Furthermore, the data was limited to include only counties 
that had two or more years of data for each pollution 
indicator. This exclusion likely biased our sampling, for 
example, by including a disproportionate amount of 
counties in or near major urban centres, which would 
likely have higher average education attainment and 
pollution levels than rural counties. Thus, one possible 
way the missing data may have skewed our results is that, 
in underrepresenting rural counties, the association 
between uneducatedness and breast cancer incidence may 
have been understated, as well as potentially only 
examining counties at the higher ends of both the 
pollution and socioeconomic spectrums. The scope of our 
study is therefore limited. 

Relevance and Future Research 

This study can serve to better the understanding of how 
ambient air pollution affects the general population and 
not just those exposed to higher concentrations due to 
specific circumstances. NO2 is often cited as a 
well-established indicator for traffic-related air pollution, 
superior to particulate matter concentrations (Moshammer 
et al., 2020). In examining the relationship between NO2 
and cancer incidence, we hope to inform policy regarding 

car use and the improvement of public transportation 
systems. 

Further research is required to better establish the 
relationship between the pollutant standards at hand. A 
larger coverage of counties across more states, including 
more data from rural counties, would provide a better 
indication of the relationship. The inclusion of racial and 
ethnic factors should also be considered in future research 
as confounding variables. Given the organization of our 
data across two time intervals, incorporating a 
difference-in-differences analysis with a control group 
could be a compelling possible avenue for further 
exploration. In addition, the link between ambient 
atmospheric ozone should be further examined with the 
inclusion of factors previously discussed such as UV 
exposure. Furthermore, our methods could be applicable 
to a variety of different cancers and pollutants. Intriguing 
links could also be made in examining less-studied 
cancers that have previously not been connected to air 
pollutants.  

Conclusion 
Our research found a positive correlation between NO2 
concentration and breast cancer incidence and a negative 
correlation between O3 concentration and breast cancer 
incidence. These findings, while significant, should be 
verified by future studies. In particular, the link between 
ozone and breast cancer incidence should be carefully 
examined.  
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Appendixes 
Appendix 1: Regression models 

Table 3: Summary of all simple linear regression models. Each model plots the named pollution indicator against ASIR. 
“Before” indicates 2011-2015, “During” indicates 2016-2020. 

Linear 
Regression 
Model 

Regression 
Coefficient 

Standard Error t Value p Value Adjusted 
R-squared 

NO2 before 0.338 0.129 1.512 0.136 0.021 

O3 before -713.36 0.129 -1.601 0.115 0.026 

PM2.5 before 1.702 0.130 0.968 0.337 -0.0011 

PM10 before 0.323 0.126 2.173 0.034 0.059 

AQI before -0.227 0.131 -0.713 0.479 -0.0084 

NO2 during 0.143 0.092 0.825 0.411 -0.0027 

O3 during -980.39 *** 0.087 -3.895 0.00016 0.107 

PM2.5 during -0.959 0.091 -1.677 0.096 0.015 

PM10 during -0.560 *** 0.087 -3.720 0.00031 0.098 

AQI during -0.435 *** 0.088 -3.654 0.00039 0.095 

* significant at p < 0.05, ** significant at p < 0.01, *** significant at p < 0.001 

Appendix 2: Map of counties 

 

Figure 1: 128 counties used in the analysis, color-coded according to time periods of analysis: 2011-2015, 2016-2020, and 
common counties between the two periods. Map created using Major’s online map-making tool (2024).  
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Appendix 3: Graphs of select simple linear regression models 

Figure 2: ASIR (2016-2020) vs. Percentage of people 
without a high school diploma (2012-2016).

 

Figure 3: ASIR (2016-2020) vs. Percentage of people 
without a high school diploma (2016-2020).

 

Figure 4: ASIR (2016-2020) vs. Concentration of nitrogen 
dioxide (2011-2015).

 

 

Figure 5: ASIR (2016-2020) vs. Concentration of nitrogen 
dioxide (2016-2020).

 

Figure 6: ASIR (2016-2020) vs. Concentration of ozone 
(2011-2015). 

 

Figure 7: ASIR (2016-2020) vs. Concentration of ozone 
(2016-2020).
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Figure 8: ASIR (2016-2020) vs. Concentration of PM2.5 
(2011-2015). 

Figure 9: ASIR (2016-2020) vs. Concentration of PM2.5 
(2016-2020).

 

 

Figure 10: ASIR (2016-2020) vs. Concentration of PM10 
(2011-2015).

Figure 11: ASIR (2016-2020) vs. Concentration of PM10 
(2016-2020).
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Appendix 4: Correlation coefficients and normality 

Table 4: Correlation coefficients between all variables, “before” data set. 

 ASIR NO2 O3 PM2.5 PM10 AQI Uneducat
edness 

Income Poverty 

ASIR 1.00 0.19 -0.21 0.27 0.13 -0.09 -0.21 0.03 -0.06 

NO2 0.19 1.00 -0.05 0.43 0.44 0.49 0.46 0.06 0.44 

O3 -0.21 -0.05 1.00 -0.22 0.01 0.26 0.03 -0.01 -0.12 

PM2.5 0.27 0.43 -0.22 1.00 0.54 0.50 0.42 -0.18 0.44 

PM10 0.13 0.44 0.01 0.54 1.00 0.61 0.53 -0.40 0.51 

AQI -0.09 0.49 0.26 0.50 0.61 1.00 0.47 -0.11 0.44 

Uneducatedness -0.21 0.46 0.03 0.42 0.53 0.47 1.00 -0.43 0.65 

Income 0.03 0.06 -0.01 -0.18 -0.40 -0.11 -0.43 1.00 -0.60 

Poverty -0.06 0.44 -0.12 0.44 0.51 0.44 0.65 -0.60 1.00 

 

Table 5: Correlation coefficients between all variables, “during” data set. 

 ASIR NO2 O3 PM2.5 PM10 AQI Uneducat
edness 

Income Poverty 

ASIR 1.00 0.08 -0.34 -0.15 -0.33 -0.32 -0.47 0.27 -0.28 

NO2 0.08 1.00 0.16 0.45 0.39 0.46 0.33 0.13 0.25 

O3 -0.34 0.16 1.00 0.24 0.41 0.68 0.25 -0.29 0.20 

PM2.5 -0.15 0.45 0.24 1.00 0.74 0.66 0.62 -0.15 0.39 

PM10 -0.33 0.39 0.41 0.74 1.00 0.77 0.71 -0.32 0.40 

AQI -0.32 0.46 0.68 0.66 0.77 1.00 0.54 -0.24 0.34 

Uneducatedness -0.47 0.33 0.25 0.62 0.71 0.54 1.00 -0.35 0.60 

Income 0.27 0.13 -0.29 -0.15 -0.32 -0.24 -0.35 1.00 -0.57 

Poverty -0.28 0.25 0.20 0.39 0.40 0.34 0.60 -0.57 1.00 
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Figure 12: Correlation coefficients between all variables in the “before” data set as displayed as a heat map made with 
Heatmapper (Babicki et al., 2016). 

 

Figure 13:  Correlation coefficients between all variables in the “during” data set as displayed as a heat map made with 
Heatmapper (Babicki et al., 2016). 
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Table 6: Results of the Shapiro-Wilks test for all variables. 
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Variable p Value Normally distributed? 

ASIR before 0.02 No 

NO2 before 0.25 Yes 

O3 before 0.39 Yes 

PM2.5 before 0.06 Yes 

PM10 before 0.42 Yes 

AQI before 0.47 Yes 

Uneducatedness before 0.04 No 

Income before 0.08 Yes 

Poverty before 0.29 Yes 

ASIR during 0.16 Yes 

NO2 during 0.64 Yes 

O3 during 0.18 Yes 

PM2.5 during 4.6e-04 No 

PM10 during 8.2e-08 No 

AQI during 1.2e-10 No 

Uneducatedness during 5.0e-09 No 

Income during 1.6e-06 No 

Poverty during 0.02 No 



Appendix 5: Summary of variables considered in analysis with units.  

Table 7: Variables considered in linear and multiple regression analysis with shorthands used, full unabbreviated names, and 
units.  
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Variables 
shorthand 

Variable full name Units 

ASIR Age-Standardized Incidence-Rate Cases per 100,000 people 

NO2  NO2 1-hour 2010 Parts per billion (ppb) 

Ozone, O3  Ozone 8-hour 2015 Parts per million (ppm) 

PM2.5  PM 2.5 Local Condition Annual 2012 μg/m3 

PM10  PM 10 Total 0-10 µm 24-hour 2006 μg/m3 

AQI  Air Quality Index No units 

Uneducatedness  Percentage of population below poverty line Percentage (%) 

Income  Median income of population above age 16 
with earnings 

Dollars ($) 

Poverty Percentage of adults above age 25 without a 
high school diploma 

Percentage (%) 



 

Appendix 6: Comprehensive list of counties analyzed 

 

2011-2015 Counties 
North Dakota, Mercer 
Iowa, Scott 
Washington, King 
Kentucky, Fayette 
North Carolina, 
Mecklenburg 
Kentucky, McCracken 
Florida, Duval 
North Carolina, Forsyth 
Iowa, Polk 
Oklahoma, Tulsa 
North Dakota, Burleigh 
Wisconsin, Milwaukee 
South Dakota, Minnehaha 
Louisiana, East Baton 
Rouge 
Pennsylvania, Lancaster 
North Dakota, Cass 
Wyoming, Carbon 
District of Columbia, 
District of Columbia 
Massachusetts, Worcester 
Florida, Pinellas 
Oregon, Multnomah 
Rhode Island, Providence 
Oklahoma, Oklahoma 
Pennsylvania, Cambria 
Montana, Fergus 
Maryland, Prince George's 
Georgia, DeKalb 
South Dakota, Union 
Massachusetts, Hampden 
Texas, Tarrant 
Colorado, Denver 
Texas, Travis 
Arkansas, Pulaski 
New Mexico, Bernalillo 
New Mexico, Dona Ana 
Colorado, Adams 
Missouri, St. Louis City 
Michigan, Wayne 
Wyoming, Natrona 
Kentucky, Boyd 
Texas, Galveston 
Texas, Dallas 
Wyoming, Fremont 
Pennsylvania, Philadelphia 
Oklahoma, Sequoyah 
Massachusetts, Suffolk 
Wyoming, Laramie 
Florida, Broward 
Texas, Bexar 
Texas, El Paso 
Wyoming, Converse 
New Jersey, Hudson 
Texas, Harris 
Texas, Harrison 
Wyoming, Campbell 
Iowa, Van Buren 
Wyoming, Sublette 
North Dakota, McKenzie 
New Mexico, San Juan 
Wyoming, Sweetwater 

2016-2020 Counties 
North Dakota, Mercer 
California, Marin 
New York, Monroe 
North Carolina, Wake 
Hawaii, Honolulu 
Idaho, Ada 
Iowa, Scott 
Pennsylvania, Beaver 
New Hampshire, 
Rockingham 
Alaska, Fairbanks North 
Star 
Kentucky, Fayette 
North Carolina, 
Mecklenburg 
Kentucky, McCracken 
New York, Erie 
Florida, Duval 
Pennsylvania, Allegheny 
Vermont, Chittenden 
California, San Luis 
Obispo 
New Jersey, Camden 
Kentucky, Jefferson 
North Carolina, Forsyth 
Iowa, Polk 
California, Santa Barbara 
North Dakota, Burleigh 
California, Placer 
Wisconsin, Milwaukee 
South Dakota, Minnehaha 
Louisiana, East Baton 
Rouge 
North Dakota, Cass 
District of Columbia, 
District of Columbia 
Georgia, Fulton 
Massachusetts, Worcester 
California, Butte 
Florida, Pinellas 
Oregon, Multnomah 
Rhode Island, Providence 
Michigan, Ottawa 
Oklahoma, Oklahoma 
Alabama, Jefferson 
Pennsylvania, Cambria 
California, Ventura 
Illinois, Cook 
California, Yolo 
New Jersey, Essex 
Montana, Fergus 
Pennsylvania, Erie 
Maryland, Prince George's 
Georgia, DeKalb 
California, Contra Costa 
South Dakota, Union 
California, Orange 
Vermont, Rutland 
California, Sonoma 
Texas, Tarrant 
Colorado, Denver 
California, San Diego 
Florida, Sarasota 
Texas, Travis 
Arkansas, Pulaski 
New York, Queens 
Tennessee, Davidson 
New Mexico, Bernalillo 
Maryland, Baltimore (City) 
Florida, Hillsborough 
California, Stanislaus 
Maine, Kennebec 
New Mexico, Dona Ana 
Colorado, Adams 
Utah, Utah 
Missouri, St. Louis City 
California, Sacramento 
Tennessee, Shelby 
Michigan, Wayne 
Wyoming, Natrona 
Kentucky, Boyd 
California, Solano 
Texas, Galveston 

Massachusetts, Hampshire 
California, Santa Clara 
Texas, Dallas 
Utah, Salt Lake 
Wyoming, Fremont 
California, San Francisco 
California, Sutter 
Florida, Orange 
California, Los Angeles 
Arizona, Maricopa 
Massachusetts, Suffolk 
Wyoming, Laramie 
Arizona, Pima 
Florida, Broward 
Texas, Bexar 
Texas, El Paso 
California, Monterey 
California, San Joaquin 
New Jersey, Hudson 
California, San Bernardino 
California, Humboldt 
New York, Bronx 
Texas, Harris 
Utah, Cache 
California, Kern 
Florida, Miami-Dade 
California, Riverside 
Texas, Harrison 
California, Fresno 
Utah, Weber 
California, Tulare 
Montana, Phillips 
Wyoming, Campbell 
California, Imperial 
Iowa, Van Buren 
Wyoming, Sublette 
California, Merced 
North Dakota, McKenzie 
California, Kings 
California, Madera 
Wyoming, Sweetwater 
Montana, Richland 

Common Counties 
North Dakota, Mercer 
Iowa, Scott 
Kentucky, Fayette 
North Carolina, 
Mecklenburg 
Kentucky, McCracken 
Florida, Duval 
North Carolina, Forsyth 
Iowa, Polk 
North Dakota, Burleigh 
Wisconsin, Milwaukee 
South Dakota, Minnehaha 
Louisiana, East Baton 
Rouge 
North Dakota, Cass 
District of Columbia, 
District of Columbia 
Massachusetts, Worcester 
Florida, Pinellas 
Oregon, Multnomah 
Rhode Island, Providence 
Oklahoma, Oklahoma 
Pennsylvania, Cambria 
Montana, Fergus 
Maryland, Prince George's 
Georgia, DeKalb 
South Dakota, Union 
Texas, Tarrant 
Colorado, Denver 
Texas, Travis 
Arkansas, Pulaski 
New Mexico, Bernalillo 
New Mexico, Dona Ana 
Colorado, Adams 
Missouri, St. Louis City 
Michigan, Wayne 
Wyoming, Natrona 
Kentucky, Boyd 
Texas, Galveston 
Texas, Dallas 
Wyoming, Fremont 
Massachusetts, Suffolk 
Wyoming, Laramie 
Florida, Broward 
Texas, Bexar 
Texas, El Paso 
New Jersey, Hudson 
Texas, Harris 
Texas, Harrison 
Wyoming, Campbell 
Iowa, Van Buren 
Wyoming, Sublette 
North Dakota, McKenzie 
Wyoming, Sweetwater 
 

Total Distinct 
Counties 
Alabama, Jefferson 
Alaska, Fairbanks North 
Star 
Arizona, Maricopa 
Arizona, Pima 
Arkansas, Pulaski 
California, Butte 
California, Contra Costa 
California, Fresno 
California, Humboldt 
California, Imperial 
California, Kern 
California, Kings 
California, Los Angeles 
California, Madera 
California, Marin 
California, Merced 
California, Monterey 
California, Orange 
California, Placer 
California, Riverside 
California, Sacramento 
California, San Bernardino 
California, San Diego 
California, San Francisco 
California, San Joaquin 
California, San Luis 
Obispo 
California, Santa Barbara 
California, Santa Clara 
California, Solano 
California, Sonoma 
California, Stanislaus 
California, Sutter 
California, Tulare 
California, Ventura 
California, Yolo 
Colorado, Adams 
Colorado, Denver 
District of Columbia, 
District of Columbia 
Florida, Broward 
Florida, Duval 
Florida, Hillsborough 
Florida, Miami-Dade 
Florida, Orange 
Florida, Pinellas 
Florida, Sarasota 
Georgia, DeKalb 
Georgia, Fulton 
Hawaii, Honolulu 
Idaho, Ada 
Illinois, Cook 
Iowa, Polk 
Iowa, Scott 
Iowa, Van Buren 
Kentucky, Boyd 
Kentucky, Fayette 
Kentucky, Jefferson 
Kentucky, McCracken 
Louisiana, East Baton 
Rouge 
Maine, Kennebec 
Maryland, Baltimore (City) 
Maryland, Prince George's 
Massachusetts, Hampden 
Massachusetts, Hampshire 
Massachusetts, Suffolk 
Massachusetts, Worcester 
Michigan, Ottawa 
Michigan, Wayne 
Missouri, St. Louis City 
Montana, Fergus 
Montana, Phillips 
Montana, Richland 
New Hampshire, 
Rockingham 
New Jersey, Camden 
New Jersey, Essex 
New Jersey, Hudson 
New Mexico, Bernalillo 
New Mexico, Dona Ana 
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New Mexico, San Juan 
New York, Bronx 
New York, Erie 
New York, Monroe 
New York, Queens 
North Carolina, Forsyth 
North Carolina, 
Mecklenburg 
North Carolina, Wake 
North Dakota, Burleigh 
North Dakota, Cass 
North Dakota, McKenzie 
North Dakota, Mercer 
Oklahoma, Oklahoma 
Oklahoma, Sequoyah 
Oklahoma, Tulsa 
Oregon, Multnomah 
Pennsylvania, Allegheny 
Pennsylvania, Beaver 
Pennsylvania, Cambria 
Pennsylvania, Erie 
Pennsylvania, Lancaster 
Pennsylvania, Philadelphia 
Rhode Island, Providence 
South Dakota, Minnehaha 
South Dakota, Union 
Tennessee, Davidson 
Tennessee, Shelby 
Texas, Bexar 
Texas, Dallas 
Texas, El Paso 
Texas, Galveston 
Texas, Harris 
Texas, Harrison 
Texas, Tarrant 
Texas, Travis 
Utah, Cache 
Utah, Salt Lake 
Utah, Utah 
Utah, Weber 
Vermont, Chittenden 
Vermont, Rutland 
Washington, King 
Wisconsin, Milwaukee 
Wyoming, Campbell 
Wyoming, Carbon 
Wyoming, Converse 
Wyoming, Fremont 
Wyoming, Laramie 
Wyoming, Natrona 
Wyoming, Sublette 
Wyoming, Sweetwater 

Total Distinct 
States/Districts 
Alabama 
Alaska 
Arizona 
Arkansas 
California 
Colorado 
District of Columbia 
Florida 
Georgia 
Hawaii 
Idaho 
Illinois 
Iowa 
Kentucky 
Louisiana 
Maine 
Maryland 
Massachusetts 
Michigan 
Missouri 
Montana 
New Hampshire 
New Jersey 
New Mexico 
New York 
North Carolina 
North Dakota 
Oklahoma 
Oregon 
Pennsylvania 
Rhode Island 
South Dakota 
Tennessee 
Texas 
Utah 
Vermont 
Washington 
Wisconsin 
Wyoming 
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The Manley-Rowe Relation in 
Nonstationary CARS by 
Polaritons 

Vladimir Feshchenko and Yejun Lee 

Abstract — One of the significant problems of molecular spectroscopy is the determination and detailed analysis of how 
molecular vibrations are dephased. The dephasing of infrared-active (IR-active) vibrations of molecules was investigated 
using IR absorption spectroscopy. Pulse methods were used to investigate IR vibrations as well. These methods revealed such 
coherent nonstationary effects as optical nutation, damping of the free polarization, photon echo, etc. New means of studying 
dephasing processes were uncovered by the method of nonstationary (time-domain) coherent anti-Stokes Raman scattering 
(CARS) spectroscopy. The purpose of this paper is to study such aspects of CARS spectroscopy in dipole-active crystals by 
polaritons as the regimes of coherent simultaneous propagation of three waves (anti-Stokes, Stokes, and the pump field) to 
increase the efficiency of CARS as a spectroscopic method. To do this, we first obtained the system of four shortened 
nonstationary equations simulating both parametric processes and stimulated Raman scattering (SRS) by polaritons.  We 
considered the case in which, in the vicinity of the phonon resonance, the polariton wave was a transverse one. All waves 
were supposed to be linearly polarised plane electromagnetic waves. The medium was also assumed to be non-magnetic. At 
frequencies of anti-Stokes, Stokes, and the pump field (laser) the medium is transparent. In this paper, it has been shown that 
the system of those nonstationary equations obeys the principle of the conservation of energy of all electromagnetic waves 
interacting in the nonlinear medium. 

Introduction 
Maker and Terhune were the first who demonstrated the 
CARS technique (the generation of coherent anti-Stokes 
radiation outside of the laser cavity) [1]. They observed a 
clear anti-Stokes signal of the strength depending on the 
presence of vibrational resonance in a sample, which, in turn, 
demonstrated the possibility of using anti-Stokes generation 
as a molecular spectroscopic tool. It was also shown that the 
efficiency of the CARS generation is the function of the 
third-order susceptibilities which were extensively studied in 
the experiments of the nonlinear properties of solids and 
liquids [2-4]. Since then CARS spectroscopy has become a 
powerful technique in many fields of knowledge such as 
physics, biology, chemistry, healthcare, etc. [5-8]. In 
microscopy, the CARS mechanism was proven to be a very 
effective tool whose signals are much stronger than those of 
spontaneous Raman scattering. Duncan et al noticed first the 
potential advantage of the CARS microscope over the 
existing Raman microscope in terms of imaging speed [9]. 
The CARS imaging proved its efficiency in cancer diagnosis 
as well [10,11]. Begley et al were among the researchers who 
summarized the important advantages of vibrational 
spectroscopy based on nonlinear anti-Stokes generation [12]. 
Among those advantages was (along with the fact of CARS 
signals being strong) that CARS avoids the interference with 
a one-photon caused fluorescence background of 
conventional Raman measurements. These features have 
made CARS the method of choice for the identification of 
chemicals present in flames and combustion processes 

[13,14]. This technique went to the next level when the 
ultrashort laser pulses resulted in the possibility of the 
coherent excitation of multiple Raman modes [15-17]. For 
example, the method of nonstationary (time-domain) CARS 
spectroscopy permitted direct observation of vibration 
dephasing in an ensemble of atoms or molecules or even in 
the simplest system-molecular hydrogen [18]. In this paper, 
we considered the case of nonstationary CARS by polaritons 
in dipole-active crystals and the possibility of the formation 
of the simultons (solitons at all frequencies of the interacting 
waves) [19-21].   

Basic Principles and Equations  
In this paper, we consider the nonlinear interaction of four 
electromagnetic waves: anti-Stokes, Stokes, pump (laser), 
and polariton. Those waves are assumed to be linearly 
polarized plane waves. It is also assumed that the nonlinear 
medium takes the form of a layer bounded by the planes 

 and . The pump wave 𝑧 = 0 𝑧 = 𝐿

 𝐸
→

𝑙
(𝑟
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propagates along the z-axis. The subscripts a, l, s, and p 
denote the anti-Stokes, pump (laser), Stokes, and polariton 
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electromagnetic fields. The nonlinear medium is assumed to 
be nonmagnetic and transparent at the frequencies .  We ω

𝑎,𝑙,𝑠
use the anti-Stokes, Stokes, and polariton fields in the form: 
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In the process of CARS, the nonlinear interaction of two 
electromagnetic waves  results in the generation of ω

𝑙,𝑠
anti-Stokes and polariton waves. The system of shortened 
equations for the amplitudes  is obtained from 𝐴

𝑎,𝑙,𝑠,𝑝
Maxwell’s equation by using the standard approximation of 
slowly varying amplitudes [19] and takes the form 
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between the pump, polariton, and anti-Stokes waves. 

Given the strong polariton absorption, we have [20] 
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so that we can neglect in (4) the terms with the derivatives, 
after which this equation yields 
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If we insert the obtained expression for the amplitude of 
polariton wave in (1-2), we get a system of three differential 
equations for  as follows: 𝐴
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𝑣
𝑠
𝑧

∂𝐴
𝑠

∂𝑡 = 𝑖
2πω

𝑠

𝑐𝑛
𝑠
cos θ

𝑠
𝑧 

(7) 
4π𝑞

𝑝
2χ

𝑠
χ

𝑝2

(𝑊2−𝑞
𝑝
2ϵ

𝑝
∞)

𝐴
𝑙
2𝐴

𝑎
*𝑒𝑖∆𝑘𝑧𝑧 + γ

𝑠1
𝐴

𝑙| |2𝐴
𝑠

+ γ
𝑠

𝐴
𝑠| |2𝐴

𝑠

⎰
⎱

⎱
⎰

where 

 𝑞
𝑝

≡
ω

𝑝

𝑐 ,

 γ
𝑎1

≡ γ
𝑎

+
4π𝑞

𝑝
2χ

𝑎
χ

𝑝2
*

𝑊2−𝑞
𝑝
2ε

𝑝
∞( ) ,

 γ
𝑠1

≡ γ
𝑠

+
4π𝑞

𝑝
2χ

𝑠
χ

𝑝1

𝑊2−𝑞
𝑝
2ε

𝑝
∞( ) ,

and  

 γ
𝑙1

≡ γ
𝑙

+
4π𝑞

𝑝
2χ

𝑙1
χ

𝑝1
*

𝑊2−𝑞
𝑝
2ε

𝑝
∞( ) .

The system (5-7) can be simplified if we use new variables 

  𝐴
𝑎
' ≡ 𝐴

𝑎
𝑒

− 𝑖∆𝑘𝑧𝑧
2

and 

 𝐴
𝑠
' ≡ 𝐴

𝑠
𝑒

− 𝑖∆𝑘𝑧𝑧
2 .

The system (5-7) in terms of  can be written as follows: 𝐴
𝑎,𝑠 
'

 
∂𝐴

𝑎
'

∂𝑧 + 1

𝑣
𝑎
𝑧

∂𝐴
𝑎
'

∂𝑡 + 𝑖∆𝑘𝑧

2 𝐴
𝑎
' = 𝑖

2πω
𝑎

𝑐𝑛
𝑎
cos θ

𝑎
𝑧 
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 (8) 
4π𝑞

𝑝
2χ

𝑎
χ

𝑝1
*

(𝑊2−𝑞
𝑝
2ϵ

𝑝
∞)

𝐴
𝑙
2𝐴

𝑠
'* + γ

𝑎1
𝐴

𝑙| |2𝐴
𝑎
' + γ

𝑎
𝐴

𝑠| |2𝐴
𝑎
'⎰

⎱
⎱
⎰

 
∂𝐴

𝑙

∂𝑧 + 1

𝑣
𝑙
𝑧

∂𝐴
𝑙

∂𝑡 = 𝑖
2πω

𝑙

𝑐𝑛
𝑙
cos θ

𝑙
𝑧 

 

 
4π𝑞

𝑝
2(χ

𝑙1
χ

𝑝2
* +χ

𝑙2
χ

𝑝1
)

(𝑊2−𝑞
𝑝
2ϵ

𝑝
∞)

𝐴
𝑎
' 𝐴

𝑠
' 𝐴

𝑙

*
+ γ

𝑙1
𝐴

𝑠
'|||
|||

2
𝐴

𝑙
+ γ

𝑙
𝐴

𝑙| |2𝐴
𝑙

+
4π𝑞

𝑝
2χ

𝑙2
χ

𝑝2

(𝑊2−𝑞
𝑝
2ϵ

𝑝
∞)

𝐴
𝑎
'|||
|||

2
𝐴

𝑙

⎰
⎱

⎱
⎰ (9)

 
∂𝐴

𝑠
'

∂𝑧 + 1

𝑣
𝑠
𝑧

∂𝐴
𝑠
'

∂𝑡 + 𝑖∆𝑘𝑧

2 𝐴
𝑠
' = 𝑖

2πω
𝑠

𝑐𝑛
𝑠
cos θ

𝑠
𝑧 

 
4π𝑞

𝑝
2χ

𝑠
χ

𝑝2

(𝑊2−𝑞
𝑝
2ϵ

𝑝
∞)

𝐴
𝑙
2𝐴

𝑎
'* + γ

𝑠1
𝐴

𝑙| |2𝐴
𝑠
' + γ

𝑠
𝐴

𝑠| |2𝐴
𝑠
'⎰

⎱
⎱
⎰ (10)

And, finally, if we assume a “weak” wave mismatch at Stokes 
and anti-Stokes frequencies, that is 

 
∂𝐴

𝑎,𝑠
'

∂𝑧 + 1

𝑣
𝑎,𝑠
𝑧

∂𝐴
𝑎,𝑠
'

∂𝑡

||||

||||
≫ ∆𝑘𝑧

2 𝐴
𝑎,𝑠
' ,

then the final system of equations simulating CARS can be 
expressed as 

 
∂𝐴

𝑎
'

∂𝑧 + 1

𝑣
𝑎
𝑧

∂𝐴
𝑎
'

∂𝑡 = 𝑖
2πω

𝑎

𝑐𝑛
𝑎
cos θ

𝑎
𝑧 

4π𝑞
𝑝
2χ

𝑎
χ

𝑝1
*

(𝑊2−𝑞
𝑝
2ϵ

𝑝
∞)

𝐴
𝑙
2𝐴

𝑠
'* + γ

𝑎1
𝐴

𝑙| |2𝐴
𝑎
' + γ

𝑎
𝐴

𝑠
'|||
|||

2
𝐴

𝑎
'⎰

⎱
⎱
⎰,  (11)

 
∂𝐴

𝑙

∂𝑧 + 1

𝑣
𝑙
𝑧

∂𝐴
𝑙

∂𝑡 = 𝑖
2πω

𝑙

𝑐𝑛
𝑙
cos θ

𝑙
𝑧 

(12) 
4π𝑞

𝑝
2(χ

𝑙1
χ

𝑝2
* +χ

𝑙2
χ

𝑝1
)

(𝑊2−𝑞
𝑝
2ϵ

𝑝
∞)

𝐴
𝑎
' 𝐴

𝑠
' 𝐴

𝑙

*
+

4π𝑞
𝑝
2χ

𝑙2
χ

𝑝2

(𝑊2−𝑞
𝑝
2ϵ

𝑝
∞)

𝐴
𝑎
'|||
|||

2
𝐴

𝑙
+ γ

𝑙1
𝐴

𝑠
'|||
|||

2
𝐴

𝑙
+ γ

𝑙
𝐴

𝑙| |2𝐴
𝑙

⎰
⎱

⎱
⎰

 

 
∂𝐴

𝑠
'

∂𝑧 + 1

𝑣
𝑠
𝑧

∂𝐴
𝑠
'

∂𝑡 = 𝑖
2πω

𝑠

𝑐𝑛
𝑠
cos θ

𝑠
𝑧 

 
4π𝑞

𝑝
2χ

𝑠
χ

𝑝2

(𝑊2−𝑞
𝑝
2ϵ

𝑝
∞)

𝐴
𝑙
2𝐴

𝑎
'* + γ

𝑠1
𝐴

𝑙| |2𝐴
𝑠
' + γ

𝑠
𝐴

𝑠| |2𝐴
𝑠
'⎰

⎱
⎱
⎰, (13)

The Manley-Rowe relation for 
Simultaneously Propagating Waves at 
Frequencies  ω

𝑎,𝑙,𝑠

To facilitate further analysis of the system (11-13) we bring it 
to dimensionless form first. To do that we multiply both the 
left and right part of each equation by the factor  (  𝑧

0
/𝐴

0
𝐴

0
and  are the peak amplitude and characteristic duration of τ

0
the pump, ). After that, the system (11-13) can be 𝑧

0
= 𝑐τ

0
reduced to 

 
∂𝐴

~
𝑎

'

∂𝑧
~ + 1

𝑣
~

𝑎

𝑧

∂𝐴
~

𝑎

'

∂𝑡
~ = 𝑖 𝐶

𝑎1
𝐴
~

𝑙

2
𝐴
~

𝑠

'*
+ 𝐶

𝑎2
𝐴
~

𝑙
|||

|||
2
𝐴
~

𝑎

'
+ 𝐶

𝑎3
𝐴
~

𝑠

'|
|
|

|
|
|

2

𝐴
~

𝑎

'
 

⎰
⎱

⎱
⎰, 14( )

 
∂𝐴

~
𝑙

∂𝑧
~ + 1

𝑣
~

𝑙

𝑧

∂𝐴
~

𝑙

∂𝑡
~ = 𝑖 𝐶

𝑙1
𝐴
~

𝑎

'
𝐴
~

𝑠

'
𝐴
~

𝑙

*
+ 𝐶

𝑙2
𝐴
~

𝑠

'|
|
|

|
|
|

2

𝐴
~

𝑙
+ 𝐶

𝑙3
𝐴
~

𝑙
|||

|||
2
𝐴
~

𝑙
+ 𝐶

𝑙4
𝐴
~

𝑎

'|
|
|

|
|
|

2

𝐴
~

𝑙
 

⎰
⎱

⎱
⎰, 15( )

 
∂𝐴

~
𝑠

'

∂𝑧
~ + 1

𝑣
~

𝑠

𝑧

∂𝐴
~

𝑠

'

∂𝑡
~ = 𝑖 𝐶

𝑠1
𝐴
~

𝑙

2
𝐴
~

𝑎

'*
+ 𝐶

𝑠2
𝐴
~

𝑙
|||

|||
2
𝐴
~

𝑠

'
+ 𝐶

𝑠3
𝐴
~

𝑠

'|
|
|

|
|
|

2

𝐴
~

𝑠

'
 

⎰
⎱

⎱
⎰, 16( )

where 

 𝐴
~

𝑎,𝑠

'
≡

𝐴
𝑎,𝑠
'

𝐴
0

,

 𝐴
~

𝑙
≡

𝐴
𝑙

𝐴
0

,

 𝑡
~

≡ 𝑡
τ

0
,

 𝐶
𝑎1

≡
2πω

𝑎
𝑧

0

𝑐𝑛
𝑎
cos θ

𝑎
𝑧 

4π𝑞
𝑝
2χ

𝑎
χ

𝑝1
* 𝐴

0
2

𝑊2−𝑞
𝑝
2ϵ

𝑝
∞( ) ,

 𝐶
𝑎2

≡
2πω

𝑎
𝑧

0

𝑐𝑛
𝑎
cos θ

𝑎
𝑧 

γ
𝑎1

𝐴
0
2,

 𝐶
𝑎3

≡
2πω

0
𝑧

0

𝑐𝑛
𝑎
cos θ

𝑎
𝑧 

γ
𝑎
𝐴

0
2,

 𝐶
𝑙1

≡
2πω

𝑙
𝑧

0

𝑐𝑛
𝑙
cos θ

𝑙
𝑧 

4π𝑞
𝑝
2(χ

𝑙1
χ

𝑝2
* + χ

𝑙2
χ

𝑝1
)𝐴

0
2,  

 𝐶
𝑙2

≡
2πω

𝑙
𝑧

0

𝑐𝑛
𝑙
cos θ

𝑙
𝑧 

γ
𝑠1

𝐴
0
2,  

 𝐶
𝑙3

≡
2πω

𝑙
𝑧

0

𝑐𝑛
𝑙
cos θ

𝑙
𝑧 

γ
𝑠
𝐴

0
2,

 𝐶
𝑙4

≡
2πω

𝑙
𝑧

0

𝑐𝑛
𝑙
cos θ

𝑙
𝑧 

4π𝑞
𝑝
2χ

𝑙2
χ

𝑝2
𝐴

0
2

𝑊2−𝑞
𝑝
2ϵ

𝑝
∞( ) ,

 𝐶
𝑠1

≡
2πω

𝑠
𝑧

0

𝑐𝑛
𝑠
cos θ

𝑠
𝑧 

4π𝑞
𝑝
2χ

𝑠
χ

𝑝2
𝐴

0
2

𝑊2−𝑞
𝑝
2ϵ

𝑝
∞( ) ,

 𝐶
𝑠2

≡
2πω

𝑠
𝑧

0

𝑐𝑛
𝑠
cos θ

𝑠
𝑧 

γ
𝑠1

𝐴
0
2,  

 𝐶
𝑠3

≡
2πω

𝑠
𝑧

0

𝑐𝑛
𝑠
cos θ

𝑠
𝑧 

γ
𝑠
𝐴

0
2.

Here we will show the simplified form of proving that the 
total energy per area is constant during the process of wave 
propagation. In that simplified form all coefficients are of the 
same order of magnitude: 

 𝐶
𝑎1

≈ 𝐶
𝑎2

≈ 𝐶
𝑎3

≈ 𝐶
𝑙2

≈ 𝐶
𝑙3

≈ 𝐶
𝑙4

≈ 𝐶
𝑠1

≈ 𝐶
𝑠2

≈ 𝐶
𝑠3

≈𝐶,

 𝐶
𝑙1

≈2𝐶.
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Then we multiply each of the equations (14-16) by the 
corresponding c.c. amplitude and add with its c.c. 
counterpart: 

 𝐴
~

𝑎

'* ∂𝐴
~

𝑎

'

∂𝑧
~ + 1

𝑣
~

𝑎

𝑧

∂𝐴
~

𝑎

'

∂𝑡
~( ) = 𝑖𝐴

~
𝑎

'*
𝐶𝐴

~
𝑙

2
𝐴
~

𝑠

'*
+ 𝐶 𝐴

~
𝑙

|||
|||

2
𝐴
~

𝑎

'
+ 𝐶 𝐴

~
𝑠

'|
|
|

|
|
|

2

𝐴
~

𝑎

'
 

⎰
⎱

⎱
⎰,

 𝐴
~

𝑎

' ∂𝐴
~

𝑎

'*

∂𝑧
~ + 1

𝑣
~

𝑎

𝑧

∂𝐴
~

𝑎

'*

∂𝑡
~( ) =− 𝑖𝐴

~
𝑎

'
𝐶𝐴

~
𝑙

*2
𝐴
~

𝑠

'
+ 𝐶 𝐴

~
𝑙

|||
|||

2
𝐴
~

𝑎

'*
+ 𝐶 𝐴

~
𝑠

'|
|
|

|
|
|

2

𝐴
~

𝑎

'*
 

⎰
⎱

⎱
⎰,

 𝐴
~

𝑙

* ∂𝐴
~

𝑙

∂𝑧
~ + 1

𝑣
~

𝑙

𝑧

∂𝐴
~

𝑙

∂𝑡
~( ) = 𝑖𝐴

~
𝑙

*
2𝐶𝐴

~
𝑎

'
𝐴
~

𝑠

'
𝐴
~

𝑙

*
+ 𝐶 𝐴

~
𝑠

'|
|
|

|
|
|

2

𝐴
~

𝑙
+ 𝐶 𝐴

~
𝑙

|||
|||

2
𝐴
~

𝑙
+ 𝐶 𝐴

~
𝑎

'|
|
|

|
|
|

2

𝐴
~

𝑙
 

⎰
⎱

⎱
⎰,

 𝐴
~

𝑙

∂𝐴
~

𝑙

*

∂𝑧
~ + 1

𝑣
~

𝑙

𝑧

∂𝐴
~

𝑙

*

∂𝑡
~( ) = 𝑖𝐴

~
𝑙

2𝐶𝐴
~

𝑎

'*
𝐴
~

𝑠

'*
𝐴
~

𝑙
+ 𝐶 𝐴

~
𝑠

'|
|
|

|
|
|

2

𝐴
~

𝑙

*
+ 𝐶 𝐴

~
𝑙

|||
|||

2
𝐴
~

𝑙

*
+ 𝐶 𝐴

~
𝑎

'|
|
|

|
|
|

2

𝐴
~

𝑙

*
 

⎰
⎱

⎱
⎰,

 𝐴
~

𝑠

'* ∂𝐴
~

𝑠

'

∂𝑧
~ + 1

𝑣
~

𝑠

𝑧

∂𝐴
~

𝑠

'

∂𝑡
~( ) =− 𝑖𝐴

~
𝑠

'*
𝐶𝐴

~
𝑙

2
𝐴
~

𝑎

'*
+ 𝐶 𝐴

~
𝑙

|||
|||

2
𝐴
~

𝑠

'
+ 𝐶 𝐴

~
𝑠

'|
|
|

|
|
|

2

𝐴
~

𝑠

'
 

⎰
⎱

⎱
⎰,

 𝐴
~

𝑠

' ∂𝐴
~

𝑠

'*

∂𝑧
~ + 1

𝑣
~

𝑠

𝑧

∂𝐴
~

𝑠

'*

∂𝑡
~( ) =− 𝑖𝐴

~
𝑠

'
𝐶𝐴

~
𝑙

*2
𝐴
~

𝑎

'
+ 𝐶 𝐴

~
𝑙

|||
|||

2
𝐴
~

𝑠

'*
+ 𝐶 𝐴

~
𝑠

'|
|
|

|
|
|

2

𝐴
~

𝑠

'*
 

⎰
⎱

⎱
⎰.

When we add those equations together the right part yields 0, 
which means that 

 
∂ 𝐴

~
𝑎

'|
|
|

|
|
|

2

∂𝑧
~ + 1

𝑣
~

𝑎

𝑧

∂ 𝐴
~

𝑎

'|
|
|

|
|
|

2

∂𝑡
~ +

∂ 𝐴
~

𝑙
|||

|||
2

∂𝑧
~ + 1

𝑣
~

𝑙

𝑧

∂ 𝐴
~

𝑙
|||

|||
2

∂𝑡
~ +

∂ 𝐴
~

𝑠

'|
|
|

|
|
|

2

∂𝑧
~ + 1

𝑣
~

𝑠

𝑧

∂ 𝐴
~

𝑠

'|
|
|

|
|
|

2

∂𝑡
~ = 0

If we introduce the energy per area delivered by any wave as 

 𝑊
𝑎,𝑠

≡
−∞

∞

∫ 𝐴
~

𝑎,𝑠

'|
|
|

|
|
|

2

𝑑𝑡
~

 ,

 𝑊
𝑙

≡
−∞

∞

∫ 𝐴
~

𝑙
|||

|||
2
𝑑𝑡

~
 ,

then it can be easily shown (after integration over time that 

 𝑑

𝑑𝑧
~ 𝑊

𝑎
+ 𝑊

𝑙
+ 𝑊

𝑠( ) = 0,

implying that electromagnetic energy is conserved when 
traveling in a nonlinear medium.   

Conclusion 
In this paper, we have shown that the total energy of the 
waves, the interaction of which is modeled by the system of 
differential equations simulating the process of coherent 
anti-Stokes Raman scattering by polaritons in crystals is 
conserved. 
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