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Mathematics Department
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Instructor(s): Pavel Slavchev

Section(s): 02 Last Name: Solutions

First Name: Answer

ID: 2339933

This evaluation contains 19 pages (including this cover page) and 13 problems. You are required to show your work
on each problem on this exam. The following rules apply:

Do not open this examination until instructed to do so.
Please, do not rip off any pages.

Give exact simplified answers unless otherwise instructed (e.g. V2 is exact but 1.414 is an approximation of

V2).

Any prohibited items (e.g., books, notes, electronic devices and other) may lead to a mark of zero and other
penalties.

Students are only permitted to use the Sharp EL-531** calculator during this examination.
If you need more space, feel free to use the back of the pages (if possible), clearly indicate when you do so.

Organize your work, in a reasonably neat and coherent way, in the space provided. Work scattered all over
the page without a clear ordering could receive very little credit.

Mysterious or unsupported answers will not receive full credit. A correct answer, unsupported by calcu-
lations, explanation, or algebraic work will receive no credit; an incorrect answer supported by substantially
correct calculations and explanations might still receive partial credit.

Good luck!

Do not write on this page except for the information to be filled (Last name, First name, ID).

Question: 1 2 3 4 5 6 7 8 9 10 11 12 13 | Total

Points: 5 4 5 5 4 26 8 6 12 7 4 11 3 100

Score:




201 - 920 - DW Page 2 of 19 Wednesday, May 29, 2024

Question 1 (5 points)
Given the sets below

1 V33
A= {—2,—5,0, g,z,n,4,5,\/27}, B= {—2,0,1,n,\/16,7}, =1}

Note, @ is the empty set. Answer the questions below.

(2 points) (a) Find the set AU B.

Solution:

Note that B ={-2,0,1,7,V16,7} = {~2,0,1,7,4,7}, so:

AUB= {—2,—%, 0,1, ? %,7{,4, 5, @,7}

(2 points) (b) Find the set A\ Z.

Solution:

A\Z = {—% ?%n\/ﬁ}

(1 point) (c) Find the set AN @.

Solution:

AN =g
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Question 2 (4 points)
Divide using long division:
x*+4x3 -2x+3

x?+x
Solution:
x2+3x-3
x2+x) x% + 4x3 —-2x+3
—x* —x3
3x3
—3x3 - 3x2
—3x2-2x
3x% 4+ 3x
x+3
Hence,
E LR DR ey s
3 =x"+3-3+5
X‘+x X%+ x
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Question 3 (5 points)
Perform the following operation and simplify your answer:

2x2-18  2x?-2
x2+x-12  x2+3x-4

Solution:

2x2-18  2x?-2 _ 2x>-18 «x*+3x—4
x2+x-12  x2+3x-4 x2+x-12 2x2-2
2(x*-9)  (x+4)(x—-1)

(x+4)(x=3) 2(x2-1)
_2ae3x+3) (erdie—ty
(eA4)(x—3)  2(x—1)(x+1)

_x+3
Cx+1




201 - 920 - DW Page 5 of 19

Wednesday, May 29, 2024

Question 4 (5 points)

Solve the inequality and give the solution graph and set in interval notation.

1 x
-1< -—+=-<4
5 3 27
Solution:
3-x) 1 «x
-l<——-—=+=-<4
5 3'2°

-30<6(3—-x)-10+15x<120
-20<18-6x+15x<130
-38<+9x <112

38 112
—<x< —
9 9
That is, x € (—%, %]
—C—H
38 112 X
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Question 5 (4 points)
Solve the following linear system.

6x—-2y=3
5x -5y =10

Solution:

By multiplying the second equation by -2/5, the system is equivalent to

6x—-2y=3
—2x+2y=-4

So adding the two equation, we obtain
4x =-1

or x = —1/4. Using any of the two equations, say the first, with the value of x, we find

6(—1)—2 —3:>—§— == = YP==—+- = -2
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Question 6 (26 points)
Solve for x in the following equations by the method of your choice unless specified otherwise:

(4 points) (a) Vdx—x+3=0

Solution:

Vix-x+3=0
Vax=x-3
4x = (x - 3)?
4x=x>—6x+9
x*-10x+9=0
(x=9)(x-1)=0
Hence, by the Zero Factor Property, x = 1 or x = 9. Observe that x = 1 does not solve

the original equation (i.e., 2 -1+ 3 # 0) while x = 9 does. So, the only solution is
x=9.

(4 points) (b) 3x?+8 =8x

Solution:

3x2+8 =8x

3x*—8x+8=0
Appealing to the Quadratic Formula:

b+ Vb?—-4ac

x 2a

2(3)

_ 8+V64-96
-

Since 64 — 96 < 0, there are no solutions.
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x-3 3 _ 6
x2-1 x-1 x+1

(5 points) (c)

Solution:
We will start by factorizing the denominators, finding the L.C.D., and multiplying
by it:
x-3 3 6
—+ =
x2-1 x-1 x+1
x-3 3 6

(x=1)(x+1) " x—1 x+1
The L.C.D. is (x —1)(x + 1); hence, when we multiply by it we obtain

x—=3+3(x+1)=6(x—-1)
x—3+3x+3=6x-6
—-2x=-6
x=3

Observe that none of the original denominators are zero for x = 3

(4 points) (d) 531 = %1

Solution:
Using In:

53x+1 = 6x—1

In53+! = In 6!
(3x+1)In5=(x-1)In6
3xIn5+In5=In6x-In6
3xIn5-1n6x=-In6-1n5
x(3In5-In6)=-In6-1n5
—In6-1n5

*= 3In5-In6
_ In6+In5
"~ In6-3In5
_ In(6-5)
~ In6-1n53
_ In(6-5)
~ In(6/53)
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(e) 10g3(x2 -4)-2=1log;(x+2)

(f)

Solution:

logs(x* —4) - 2 = log,(x + 2)
logs(x* —4) —log,(x +2) =2

x> -4=9x+18
x2-9x-22=0
(x—11)(x+2)=0

So,x-11=0=x=11o0r x+2 =0 = x = —2. The latter has to be rejected, else we
would have to evaluate log; 0 which is undefined.

sin(x)—2sin?(x) =0, 0 < x < 27

Solution:

sin(x) — 2sin?(x) =

sin(x)(1 — 2sin(x)) =

By the Zero Factor Property, sin(x) = 0 or 1 —2sin(x) = 0. The former is true for x = 0
or ,x = 7, or x = 27t while the latter implies that sin(x) = 1/2 which is true when
x =1/6 or x = 571/6.

Overall, the solutions are x =0, 7©/6, 57t/6, 7.
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Question 7 (8 points)
Consider the points A(-3,4) and B(-5,-2).

(3 points) (a) Find the equation of the line that passes through the points A and B.

Solution:
We want to find y = ax + b, we start by finding a:

a_Ay_ 2-4 -6
A =b=(=F) =2

To find b, we use either A or B, say A, then

4=3(-3)+b
4=-9+0
b=13

And the equation of the line is y = 3x + 13.

(2 points) (b) Find the midpoint between the points A and B.
Solution:
(52252 (3245
(2 points) (c) Find the distance between the points A and B.
Solution:

(1 point) (d) Write down the equation of a circle with center A and radius 2.
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Solution:

The equation is
(x+3)2+(y-4)°=4
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Question 8 (6 points)

Let
z)
— ,x<0
flx)=1'2
-x2  , x>0
(2 points) (a) Graph f(x) provided the axes below
Solution:
< T T T T T > X
—5--—4-1=3.. 2.4 3-14--5
1
-2+
-3
-4t
—5
(2 points) (b) Is f a function. Briefly justify your answer.
Solution:
Because f satisfies the vertical line test, f is a function.
(2 points) (c) State the domain and range of f.

Solution:

From the graph of f, the domain is x €€ (—c0,0)U(0, 00) and the range is y € (—o0, 0)U
(1, 00).
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Question 9 (12 points)
Given
f(x)=x*+4x+3and g(x)=x+3

(4 points) (a) Find algebraically the point(s) of intersection, if any, of f(x) and g(x):

Solution:
We want to know when f(x) = g(x):

x> +4x+3=x+3
x> +3x=0
x(x+3)=0

By the Zero Factor Property, x+3=0 = x=-3(y=0)or x=0 (y = 3).
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recall: f(x)=x>+4x+3, g(x)=x+3

(8 points) (b) State the range, x— and y— intercepts, and the vertex of f. Graph both f and g in the
Cartesian Plane provided below:

Solution:

The y-intercept is at (0,c) or (0,3). Note that f(x) = (x + 1)(x + 3), so by the Zero
Factor Property, —3 or x = —1 (the x-intercepts).

The x position of the vertex is at —b/2a or —4/(2-1) = -2, so that f(-2) = -1, and the
vertex is at (—-2,-1).
Since the parabola opens upward (a = 1 > 0), so the range is [-1, o0).

y
54

< - > X
-5 1 2 3 4 5
-1t
=Ll
-3t
4}
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Question 10

(7 points)

X

Consider the functions f(x) = vx and g(x) = 1

(3 points) (a) Find g71(x).
Solution:
X
y= x-1
x=—2_
y-1
x(y-1)=y
W)= =7
K=Y =%
y(x-1)=x
X
YT
(1)(x) = =~
g )= T—
(3 points) (b) Find the range of g(x). Briefly justify your answer.
Solution:
The range of g(x) is the domain of g~!'(x) which is all x values except when x — 1 =
0 = x =1; hence, the range of g(x) is R\{1}.
(1 point) (c) Find (go f)(4).

Solution:
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Question 11 (4 points)
The Bermuda Triangle is a loosely defined region in the western part of the North Atlantic
Ocean. The distance from Bermuda to Miami is 1045 miles (see figure below).

Bermuda

60°

57°

Miami Puerto Rico

Find the area of the region captured by The Bermuda Triangle. Give your answer to 3 decimal
places.

Solution:

First, note that the angle at Puerto Rico is 180° — 60° — 57° = 63°. If the distance from
Bermuda and Puerto Rico is x, then

sin(57°) _ sin(63°)

x 1045
So, '
2= 1045 x S0057°) g4
sin(63°)

Then, if we drop the height from Puerto Rico until the opposite side:

1
A= 51045984 sin(60°) ~ 445,085.796 [miles?]
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Question 12 (11 points)
Answer the questions below

(4 points) (a) Show the statement below is true

(1 —sin(0))(sec(B) +tan(0)) = cos(O)

Solution:
Let us work on the left side:
1 in 0
(1—sin6)(sec6+tan6):(1—sin9)( ;3 )
cosf cosO
(1 —sin9)(1 +51n6)
cos B
1= sin’ 6
cosf
B cos?0
~ cosO
=cos0
which is the right hand-side.
(4 points) (b) Consider the angle 6 in standard position. Find the quadrant that its terminal side lies

in if
cotf >0 and cosf <0,

and state what type of angle 6 is.

Solution:

If cosO < 0, then the terminal side is in either the second or third quadrant. Since

cotO = ijg > 0 and cos O < 0, then sin 0 < 0 which means that we are in the third or

fourth quadrant.

Overall, the terminal side is in the third quadrant and 6 is a reflex angle.

(3 points) (c) Find the exact value of:
2
sin [arccos (— )]
3
Solution:
Let 6 = arccos(%) so that cos@ = 2/3. Recall, cos0 = x/r, so x = 2 and r = 3 where

2 = x? + y2; hence,

p=Vr2—x2=V9-4=15
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Note that 0 € [0, 7t], so we are in the first or second quadrant. Since x =2 > 0, we are
in the first quadrant, so y is also positive.

0 — /= V5
Then, sin6 = y/r = 5.
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Question 13 (3 points)
Graph y = 2cos (%) over one period. State the amplitude and period of the function.

Solution:

We see that the amplitude of p is |a| = |2| = 2 while the period, given b = 1t/2, is

27 27

b w2

24

|
=N
=
NAA
e
(€)1}

Thank you for your hard work! It was a pleasure teaching you. Best wishes for the future!



