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L’Hopital’s Rule
Let a represent a (finite) real number or co or —oo
Suppose hm f(x) = 0and hm g(x) =0. Then hm 1) may or may not exist, and we call the limit an

g(x)
indeterminate form of type 5 .
(x

Similarly, suppose lim f(x) = o and lim g(x) = . Then llmf(—; may or may not exist, and we
xX—a xX—a x-ayg

call the limit an indeterminate form of type g .

L’Hopital’s Rule
Suppose f and g are differentiable functions and that lim f&; is an indeterminate form of the type -

x—>a g(x)
r— Then llmf(x)—llmf()

x-agdx)  x-ag'(x)

provided that the limit on the right exists.

Note:

- If the limit on the right does not exist (is co or —o0) then the limit on the left does not exist.
- . S . . 0 .
- If the limit on the right still gives an indeterminate form of the type Jor g, we keep using

L’'Hépital’s Rule (or a factoring or rationalizing technique) as needed.
- There exist other types of indeterminate forms, such as 0 - 0 and co — oo, to be discussed later
in this section.

5x3-13x2+6x
Example 1 Find lim ————
x—>2 4x%2-13x+10

Since lirr%(Sx3 —13x2+6x) =0 and lirr%(élx2 —13x + 10) = 0 we can apply I’'Hépital’s Rule.
x— x—

i 5x% —13x* + 6x . 15x% —26x+6 15(2)>—26(2)+6 14
»o3 4xZ —13x + 10  xo2  8x—13  8(2)—13 3
Example 2 Find lim —2*>

x—00 3x2-7x+4
Since lim (10x + 5) = o and lirr%(3x2 — 7x + 4) = oo we can apply 'Hopital’s Rule.
X—>00 xX—

10x+5 10
x50 3% — Tx + &  xoowbx — 7
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Example 3 Find lim
x—0 1—cos

Since lin(l)(ex) =1 and lin(l)(l — cosx) = 0 we can NOT apply I’'Hépital’s Rule.
x— x—

ex

lim— =
x-01 — cosx

cosx—1
eX—1

Example 4 Find lim

x—0

Since lin(l)(cosx —1)=0 and lir’%(ex — 1) = 0 we can apply I'Hopital’s Rule.
xX— xX—

y cosx—1 I —sinx —sin0 O 0
x>0 e¥ —1 x>0 eX e0 1

Example 5 Find lim —2—t

x—1+ sin(x—1)
Since lir{l+(7\/x — 1) =0 and lir?Jr sin(x — 1) = 0 we can apply I'Hépital’s Rule.
xX— X—

7
. TVx—1 . 2Vx —1 . 7
lim ———— = lim ——~———= lim =0
x-1+sin(x — 1) x-1* cos(x —1)  x-1* 24/x — 1 cos(x — 1)

Example 6 Find lim 206X*3)
x—o0o 21In(x+4)

Since lim 31In(5x + 3) = o and lim 2In(x + 4) = oo we can apply I'Hopital’s Rule.
X—>00 XxX—00

3(5)
) 31n(5x+3)_1_ 5x+3 _ . 15(x+4)
oath 21n(x+4)_xl—r>rolo 2 _xl—r>rc>lo2(5x+3)
x+4

The limit on the right is also indeterminate (type g), so we can apply I'Hopital’s Rule again.

. 3In(x+3)  15(x+4) = 15
xo 2In(x + 4)  xo02(5x +3) xow10 2
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Other types of indeterminate forms

In the event that the limit lim f(x)g(x) produces an indeterminate form of type 0 - ©, we can convert
x—a
it into an indeterminate form of type % org by writing the product f(x)g(x) as a quotient f(x)g(x) =
fx) (x)
T or f(x)g(x) = 5=

9t e
Example 7 Find hm xInx
x—0
Since hm x =0 and hm Inx = —oco the limit is an indeterminate form of type 0 - 0. We must first
x-0

In
convert this product into quotient 111’51 - X which gives an indeterminate form of type —. Using

I’'Hbpital’s Rule, we have:

1
. o Inx % .
lim xInx = lim — = lim == lim —x =
x—0t x—o0t 1 x—0t —1 x—0t
x x2

Example 8 Find lim x tan (%)

X—00

Since lim x = co and hm tan (x) = 0 the limit is an indeterminate form of type 0 - co. We can easily
X—>00
1
an(;)
1

x—o0o =
x

0 . T
5 Using I'H6pital’s Rule, we

have:
1 _1 2 1
1 tan (= >sec? (= 1
lim x tan (—) = lim & = lim (x) lim sec? (—) =1
X—00 X X—00 1 xX—00 —_1 X—00 X
X x2
Example 9 Find lim x3e~*"
X—00

It is not difficult to see that the limit is an indeterminate form of type 0 - co. We can easily convert it
into the quotient hm — wh|ch gives an indeterminate form of type —. Using I’'Hopital’s Rule twice, we

obtain:

. e x3 3x2 o 3x _ 3
lim x°e™ = lim — = lim > > m >
X—00 x—o0 X x—o 2xeX x—00 X x—o0 4xyeX
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In the event that the limit lim[f(x) — g(x)] produces an indeterminate form of type co — o, we can
xX—a

- 0 . . - .
convert it into a type & org by factoring out a common factor, by rationalization, or by using a common

denominator.

Example 10  Find lim (x — x?)

X—00

Since lim x = o and lim x? = oo the limit is an indeterminate form of type co — c0. We convert this

X—00 X—00

by factoring a common factor:

lim (x — x2) = lim x(1 —x) = —o
X—00

X—00

Example 11 Find lim (xel/x - x)

X—00

Since lim xe /* = oo and lim x = oo the limit is an indeterminate form of type co — c0. We factor

X—00 X—00

out a common factor to obtain the limit lim x (e /x — 1) which is an indeterminate form of type 0 - co.
X—>00

e'/x—1

- . . L . . 0
We then have to convert it into the quotient lim —s—— which is now an indeterminate form of type >
X—00 =
x
Using I'H6pital’s Rule, we have:
-1\ 1
1
. 1 . 1 . e/x—1 . (F)e/x . 1
lim (xe x—x): llmx(e x—l): lim —————=lim————=1lime/* =1
X x?

Example 12 Find lim (x — Vx + 2)

X— 00

It's easily seen that the given limit is of the indeterminate form of type co — co. We can convert it into

an indeterminate form of type g using rationalization:

vV 2 _
J}Lrg(x—Vx+2):;il§o(x_m)<x+ x+2>:l, x% — (x +2)

X+ Vx+ 2 x>0 x ++/x+ 2

And then we apply I'Hopital’s Rule:

x2—(x+2) 2x—1
lim(x—+vx+2)=lim———=]lim————— =
x—>oo( ) X—00 x+,/x+2 x—>001+ 1
2Vx + 2
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Example 13 Find lim (L _ L)

x—1 \x—1 Inx

Since lim—— = o and lim — = oo the limit is an indeterminate form of type oo — oo, We must first
x—1x—1 x—1Inx

convert this using a common denominator:

I (x 1)_1_ ( xInx x—1 )—l' xlnx —x+1
i\x—1 Inx) x5 (x—1DInx (x—1lnx s (x—1Inx

Since lin}(x Inx —x+1) =0 and lin}(x — 1) Inx = 0 the limit is now an indeterminate form of type
x— pr

%. We can therefore apply I'Hopital’s Rule.

= lim = lim

lim = Im —— - 1
x=1 (x = 1Dlnx x_)llnx+(%)(x—1) x_)llnx+1—%

x-1

1
( x 1) o oxlnx—-x+1 lnx+(§)x—1 Inx
x—1 Inx

Since the limits of both the numerator and denominator are still 0, we apply I’'H6pital’s Rule again.

1 1

1" 1+1 2
xZ

I (x 1)_1. Inx — i
i o e Al S i L

+ |R|=

1
X
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EXERCISES Find each limit. Use L’Hépital’s Rule where appropriate. Otherwise use a more

elementary method.

10.

13.

16.

19.

22.

25

28

. 2x7-3x-9
v=3 x®=2x-3

6x -5
im ——————
x=e 4x7 +Tx+9

l_e_‘(

lim
x—0 2x

. l—cosx
im—————
x=0  sinx

2. lim 5
xoe x5 —5x+8§

. 3x*+8x
5. lim————
x—0 Sx
2
.oXxT+*x
8. lim—
=0 sin3x
. sin2x
11. lim—
=0 §inXx
14. lim

x=] ,\/; — 1

17. lim— Inx
ol sm(x-l)
ex-l —
20. ]il]‘l"—"-—'—T
Xl (x...])
4x
23. lim-——
A
26. lim x2%e~*
X—00

29. lim (1— !

x—-0t \Xx eX—1
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4x* +x-3

)

233 =x?—4x+3

3. Iim 3 5
=1 3x” =5x° +x+]
2
6. lim 210
x=e 6x° —x—1
9. lim Smx
x=0" ] —cosx
12. lime'——x:1
X0 Sx"
15. lim
x-0" | —~cosx
¢+
18. limM
Xreo J;
21. Im__ln(x—lO)
x== In(4x +1)
.24, lim Sx—
x—=0 7% —1]
. 2
27. )}1_{{)10 x tan (;)
30. lim (\/;—xz)
X—00
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SOLUTIONS
2x2 - \"9 0
1. lim—s type &
x=3 x" -2x - ( yl 0 )
. 4x-3 9
= lim = -
x=3 2x =2 4
4x* +x -3
2. lim type =
x—® x*—=S5x+8 ( P )
-+] w
=1 : (types)
x—=e 2y =5
. 24x
= lim =
x—w D
2x* =x? =4x+3
3. lim type &
=1 3x? =537 +x +] ( 4 0)
= ]i]nw (type.g.)

x=1 9x? —10x +1

12x=2 _ 10 _ 5

im———
=1 18x =10 8 4

6x—

4, lim— type =
x=e 4x° +Tx +9 (yp )
= lim 6 =0

x—e 8x +7
3X2+8A 0
5 l‘l_r.rg o (typea)
. O6x+8
= |i — = ©0
x=0 [5x°

6 lln)‘-: ~10 (typc{%)

¥ 6x° ~x -1
. 21_ )
= lim type =
e | 2x = (yp )
. 2 ]
= lim— = — = —
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X0

. -e* 0
7. !1_[13 (typeo)
= lim — = —l
x—0 2 2
8. Ilim 2 type &
x=0 sin3x ( P 0)
. 2x +1 1
= lim = —
x=0 3¢0s3x 3
. sinx 0
9. lim————— \types
x=0" ] —=Ccosx ( P 0)
. COSX
- h ] . —
x=0" sinx
] -cosx
10. lim type &
=0 sinx (yp 0)
= lim-2X =g
¥=0 CcOSX
. sin2x 0
11. lim type &
x=0  sinx (H 0)
. 2cos2x
= llm———cos * o= 2
x=0  CcOSX
. e —x—1 0
12. lim——— \typeg
542 (yp 0)

¥ —1
= lim type &
=0 10x (y} 0)
. * ]
= [im =
x=0 10 10



1

13. Ilm (lype 1 )
“ Inx

3]

X

(types)

lim

X—s®

l[im3xe™ =

X a0

14.!irp ol (type%)

15. hm

J_fl

o [sm x]

Iim———— =

X0’ ZN[V-SII‘I.\

. ,/x-l
16. lim
- +5
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. Inx 0
H
= lim % =]

! [cos(x 1))

18. lim In(x +1)

i) (o)

= lim 2 (type%)
x== x+]
1
Vx -]
=] = lim—= =0
s [1] e

19. lim ¢

20. .l'im—_l—.] (type% )
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21.

22.

23. li

24,

. In(x-10)
lim———-~ (type =
wn n(dx +1) (type)
_ ["—10

4). +1]
.4
= lim—— (type,,o)
x4y —
= lim— = i =]
x—se 4
X
lim = | type
2o In(x+1) C)
1
o 2x
= |im
y—s0* ) ]
[+1]
= lim i 1 00
x—0* 2,‘/;
4x
l!_nl o (type—-)
X g
e4.\'
= lim —  (type =
fim— ype &)
. 16e™ . 16e*
= [im — & lim —
xe Qe x=e Q
lim— ~—-—~]~ (typc»o-)
Ym0 eSx__I 0
. 2e™
= lnm—~5 = Ilm—-~-3~ =
x40 Se X0 Se

lim, x3Inx

x-07t

25. (type 0 - o0)

= lim

x—>0+ x3

(type =)

26. lim x?e

X— 00

= (type 0 - o)

2
X
= lim =

x—00 X

(type =)

= lim &
= lim =

X—00 €

(type =)

—llmizo

x—00 X

27. lim x tan (3) (type oo - 0)

X— 00

= lim —

X—00

0
(type J)

= lim (Secz(x))( 2?)

= lim 2 sec? ()Z—C) =2

X—00

28. lim (x —VxZ + )
X—00
. (x=VxZ+1)  (x+VxZ+1)
= lim .
X—00 1 (x+\/x2+1)
= lim (x +1)
X—00 x+vx2+
= lim
X—00 x+Vx2+
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. 1 1
29. xll)r(r)l+ (; - ex—l) (type 00 — o0)
T (e*-1)—x 0
o xll»r(§1+ x(e*-1) (type 0)
. e*-1 0
= lim o rens (type 3

ex

im ———
x—0t+ eX+(e*)x+1(eX)

X

m
x—0t+ eX(2+x)

1 1

= lim =
x—-07t (2 +x) 2

30. lim (vVx — x?) (type oo — o)

X— 00

= lim \/E(l —x3/2) =—00

X— 00
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