Integration of Rational Expressions by Partial Fractions

INTRODUCTION:

We start with a few definitions. A rational expression is formed when a polynomial is divided
by another polynomial, Ina proper rational expression the degree of the numerator is less than
the degree of the denominator. In an improper rational expression the degree of the numerator
is greater than or equal to the degree of the denominator.

This set of notes is given in three parts. Part A is an explanation of how to decompose a proper
rational expression into a sum of simpler fractions. Part B explains Integration by Partial
Fractions of proper rational expressions. Part C explains Integration by Partial Fractions of
improper rational expressions. Each part includes detailed examples and a set of exercises.

PART A: Partial Fraction Decomposition
In mathematics we often combine two or more rational expressions into one.
Eg 43 - 4(x-2) . 3(x+1) _ 7x-5
x+l x-2 (x+])(x—2) (x~2)(x+l) (x~2)(x+l)
Occasionally, however, the reverse procedure is necessary. The problem is to take a fraction
whose denominator is a product of factors, and split it into a sum of simpler fractions. There is

more than one way to do this. For the types of expressions we are dealing with the method
illustrated here is probably the easiest to apply and understand (no system of equations to solve).

CASE 1 The denominator is a product of distinct linear factors.

. . L A
For each distinct factor ax+b the sum of partial fractions includes a term of the form g
ax

-+
Example 1 Rewrite —(--)—(~)—(—5—-——) as a sum of simpler fractions.

c+
First write the fraction as X+ =4 B
(x~4)(

= + .
x—l) x-4 x-1

Multiply both sides by the common denominator to get x+5 = 4 (x -—1) + B(x—4) . Inthis
linear equation we can substitute any x-values to solve for 4 and B. However, the process is
simpler if we choose those values which make a factor zero ( ie.x=1=0or x-4=0).

Substitute x =1 inthe linear equation. 1+5 = A(]—'l) + B(1—4) — 6=~38B — B=-2
Substitute x =4 in the linear equation. 4+5 = A(4-1) +B(4-4) — 9=34 — A=3

x+5 - 302
(x-4)x-1) x-4 x-1~

Therefore, the partial fraction decomposition is




. 2x=2
Example 2 Rewrite (x+5)(x+2)(x_3

2x=2 - 4 .. 8 _C
(x+5)(x+2)(x-3) x+5  x+2 x-3

) as a sum of simpler fractions.

First write the fraction as

Multiply both sides by the common denominator to get the linear equation
2x-2 = Alx+2)(x=3) + B{x+5)(x=3) + C(x+5)(x+2) .
Substitute x=~-2. ~4-2=0+B(3)(~5)+0 — -6=-15B — B=%

Substitute x=3.  6-2=0+0+C(8)(5) — 4=40C — C=4
Substitute x=-5. -12=A(—3)(—8)+O+0 — ~12=244 — A:-.?l.

+2.1 41 !
5

x+2 1—6'x*3 '

The partial fraction decomposition is ( '*’5){%;22) =) = —%. 15
X X X x

CASE 2 The denominator is a2 product of linear factors, some of which are repeated
For each repeated linear factor (ax +b)" , the sum of partial fractions includes » terms of the

A, 4, 4, A,
+ 2+ + ..+

ax+b  (ax+b)  (ax+b)  (ax+b)

form

Example 3 Rewrite

5 as a sum of simpler fractions.

x—-2

) . . dx A B
First write the fraction as = +

(x=2)  x=2 (x-2)]

Multiply both sides by (x-2)° toget 4x = A(x-2)+B .
Substitute x=2. 8=0+B8 — B=8

There is no other factor to make zero, so we choose an easy x-value to work with.

Substitute x=0 (and B=8 ). 0=A(-2)+8 — 4=4

The partial fraction decomposition is hal ~ = + - .
(k-2 x-2 (x-2f

2

. X
Example 4 Rewrite —; ~
X" =5x°

as a sum of simpler fractions.

(continued next page)
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First write the fractionas - 5 = = =
x =5x :c‘(x-S)

x?=2x-5 x?=2x-5 _4
x

Multiply by x2(x=5) toget x*-2x-5 = Ax(x~5)+ B{x~5)+Cx*.
Substitute x=0. -5=0+B(-5)+0 — B=I
Substitute x=5. 10=0+0+C(25) — C=%

Substitute x =1. —6=A(-—4)+(—-4)+%(1) N A:%

. . N 3
The partial fraction decomposition is ~————r = %

CASE 3 The denominator has one or more distinct, irreducible quadratic factors.
Ax+ B

For each distinct factor ax® +bx+c the sum of partial fractions includes a term —5——— .
ax* +hx+c

“H+4x+12

Example 5§ Rewrite -
(x -2) x“+4

as a sum of simpler fractions.

x* +4x+12 = A +Bx+C
(x-2)x*+4) x-2 x*+4

First write the fraction as

Multiply by (x=2)(c?+4) toget x?+4x+12 = A{x?+4)+ (B +C)(x-2) .
Substitute x=2., 24 = A(8)+0 — A4=3

Substitute x=0. 12 =3(4)+(C)(-2) — C=0

Substitute x=1. 17 =3(5)+(B)(-1) — B=-2

x*+4x+12 3 2%
(x~2)(x2+4} x=2 x'+4°

The partial fraction decomposition is

'_’+ )
Example 6 Rewrite ( X T2

- as a sum of simpler fractions.
x+l)(x‘ ~2x+ )

x*+x-3 A Bx+C
= +

First write the fraction as - = o .
(x+l)(x‘ —2x+3) x+]  x"-2x+3

Multiply by (x+1){x? =2x+3) toget x?+x=3 = A(x?=2x+3)+ (Br+C)(x+1) .
Substitute x=-1. ~3=A(6)+0 — A=-

(SIS

(continued next page)
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Substitute x=0 (and 4 =——%— ) =3= ——%(3) + (C)(l) - C =~—%
Substitute x=1 (and A=-4 and C=-3). -1=-102)+(B-3)2) —» B=3
. . e x*+x=3 1 x-1
The partial fraction decomposition is (x+l)(x2 -2x+3) = _%.xﬂ +%.x2~2x+3
EXERCISES Rewrite each of the following as a sum of simpler fractions.
g, 4 2 XT3 3
(x+1)(x-5) x =5x+6 2x” +11x+12
4 Sx+1 5 4x° ~x+3 6 2x° =5
C(e+3)(x+2)(x-4) ©e#5)x-1)(x-2) CoxP-2x? -3y
x+2 5—4x 5x* =9x
Ve 8, 9. Ty
x?+8x+16 X% +10x? +25x (x-4)(x-1)
x*=2 3x? +9x -4 6
10. 1. 12.
(x+1)lx* +3 (x-1)(x? +4x~1) (x-5)x?—2x+3)
SOLUTIONS
4 _ A B _ _ o
1. )]y Ry t— o 4 Alx=5)+ B(x+1) forallx
x=5-—>B=% and x=—1——+A=-%
¢ =21 2!
(x+1)(x=5) 3 x-5 3 x+l
2. 73 23 =4y 5 - 2x=3 = A(x—3)+B(x-2) forallx

i-5x+6  (x-2)x-3)  x-2 x-3
x=3 — B=3 and x=2 — A=-]

2x-3 3 1
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5x 5x _ 4 B
= = +
27 +11x+12 (2x+3)(x+4)  2x+3  x+4

x=—4 — B=4  and x=-—%—>A=—3

Sx _ 4 _ 3
2x%+11x+12  x+4 2x+3

S Ge)ea)eo4)  x+3 x+2 %

— Sx+l = Alx+2)(x-4) + B{x+3)(x-4) + C(x +3)(x +2)

Sx+1 _ 4 B . C

x=-2——+B=%— and x=4->C=%

oxF] == 2 43 B ,1.C
(x+3)(x+2)(x-4) x+3 2 x+2 2 x-4

4x*-x+3 4 B . C

x=1 — B=-] and - x=2—-~>C=—7z and x=—5——~>/1=17§
AxP-x+3 g 1 Lo pm 1
(x+s5)(x-1)x-2) 7 x+5 x-1 7T x-
2x*=5 2% -5 =£+__1_3_+ C
x x+1 x-3

T -2’3 x(x+l)(x-3)
-+

x=-1 — B=—% and x=3—-—>C={—3— and x=0—>A=—5§
22°-5 _ st _3.1 .13 1

>-2x%-3x 3 x 4 x+1 12 x-3
x+2 x+2 A B

2x* -5

—  5x = Alx+4)+ B(2x+3)
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5—-4x 5-4x 4 B C

8. 3 2 = =—+ +
x" +10x° +25x x(x+5)2 X (x+5) (x+5)2
— S5—dx=A(x+5)" + Br(x+5)+Cx
X=0~+A=% and x=-5 > C=-5 and x=1- B:.-...;.
5-4x 1 1 5
x> +10x% +25x  Sx 5(x+5) (x+5)2
5x* —9x A B C
9. = + +
(x-4)(x-1) x-4 x-1 (x-1)
— 5x%-9x = A(x-1)* + B(x-4)(x-1) + C(x~4)
x=1——*C=% and x=4——~>A=%4~ and x=0,‘/1=—‘-'49‘1,C'=—§£ — B=-;«
N SEN'” S U U N S
G617 9 x=4 91 3Gy
x*=2 4 | Bx+C 2 2
10. = - -2 = B c+1
(+){x?+3)  x+1 ¥ x*+3 2 A(x +3) + (Be+C)x+1)
x==1 — A=-—% and x=0 — C=—% and x=] — B=%
-2 _ 1.1 5 x7
(x+1){x>+3 4 x+1 4 x*+3
2 i
., X xod A BC 5 iox— 4= a(x +ax 1)+ (Br+ C)(x-1)
(x-—l)(x +4x—1) x-=1 x"+4x-1
x=1-—> 4=2 and x=0 - C=2 and x=-1 - B=1
3 4+9x-4 2 x+2
(x—l)(x2+4x~1) x—1 x*+4x-1
6 A Bx+C
12. = — 6= Alx?=2x+3) +(Bx+C){x-5
(x-5)(x* —2x+3) x5 ¥ -2x+3 b -2043) + (Br+C)fe=s)
x=5 —» A= and x=0—>C=-1 and x=1 - B=-1
6 =11 1 x*3
(x-5)x*-2x+3) 3 x-5 3 x?-2x+3
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PART B:

Integration of Proper Rational Expressions by Partial Fractions

In this part the student is expected to understand partial fraction decomposition as explained in Part A.
The student is also expected to be able to perform elementary integrations (by substitution or by
inspection) of the following types:

1 1
f dx = —-lInlax+ b|+ C
ax+ b a

P S S
f(ax+b)2 =T ax+ b

X 1
- . 2
jax2+ bdx-— o Injax? + bl + €

1 1
——dx = ——-arct c
fax2+ pdx = =arc an(va x) +

In Part B each indefinite integral (antiderivative} must be simplified by decomposing the proper rational
expression into a sum of partial fractions. The details of the partial fraction decomposition are left to
the student. If necessary go back and review Part A,

7x+1
d

Example 1 Find the indefinite integral f————~(x+3)(x__1)

[m—dx = [[ o+ 2] dx = Shlx+ 3]+ 2Inlx- 1]+ C

(x+3)(x~1) x+3  x-1

6x%+2x
dx

Example 2 Find the indefinite integral fm

_6xPt2x . ef31 11 0 51, _3 IETI -
| e dx = f[gm ek x_s]dx_ 2Injx + 3] - SInfx - 1| + SInjx - 5|+ C

. . e 1-3x
Example 3 Find the indefinite integral [ ————
1-3x 1-3x 11 11 7 1 1 1 7 1
[ = I = T35 - i Taa) @ = 30l - Jlnlx 20+ S5 €
Example 4 Find the indefinite integral f——'——{:i——‘dx

(x+2){(x%2+86)

Page 7 of 12



X -

N

; &= [ |-
I (x+2)ix"+6; * j {
Example 5 Find the indefinite integral.

|

x> +4x~17
I (x-3)x? +6x-6)

1.
2

1.
3

x
x> +6

x+3

Wit

Ll
3 3 x246x-6

EXERCISES Find the indefinite integral.

1. j 3-4x dx

x?+x

j‘( 3x? +8x-7

x+4)(x+3)(x+l) §

7 I 3—2x
T xt46x+9

2 48x+
1O‘J-Sx 8x+6

d
(e +a)(x? +2) i

ANSWERS

1. j-g:if—dx=j[j

x(x+l)

X

6
SR

3 2

Sl e ey ey

L
x+5

+ —
x+4  x+3

a |

x+1

2. j - x dx
x*+7+10

-

2-4x"

3x=1
8. - — dx
"‘x’-2x"
12x+18

- !(x +3)[2x® +8x+9) °

dx =3 ln!x] -7 ln{x+l] + C

dx =

waro
win

b
x+2

+ 2.
S x—4

J' x*+4x-7
(x-3)(x* +6x-6)

3x% ~14x+8

de = -%ln{x-ﬂi +;i—lnlx2 +6| +C

e = %—lnlx—3f +%lnlx2 +6x~-6{+C

6 dx

s ]
3x
dx

o e

2x+x+4
oy oy

15-25x

12 J‘(4\‘--4)(2x2 ~6x +9)

dnfx+5] = -lnjx+2| + C

xlwz : } de = =3n[3x-2| + 3.Inx-4| + C

]a’x = 3In|x+4] + 2 Injx+3| - 2 Injx+1| + C
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=
3

5. J‘[—%———.}——‘f% L. 14;—?1_—5—] dx = —%In’x-&[ + %'InIx—Zl - %-lnj.\WS{ +C

dv = ~12-In|x+d4] = Foinfx=1]+ &-Inlx-3] + C

de = =2 In|3x-2| e 4cC
x+3

3x—1 . _5 i 1 1 5 1 .. _5 - 1 5 _

8. Imdt = I{ Z; + T,Z";E‘ + Z;—:—E] de = Z‘lﬂll’! %";"‘z']ﬂlx 2'+C
o, o 1 8 =l 9 il veg] - 8 ‘

9. j’ z T + 3&—4 + (x—4)2} dy = g-lnfxﬂl + -5—-11‘1’1 4{ p—ayy + C

10.I3+2x

— 5 dx =31n}x+4[ + In
’x+4 x“+2

x2+2!+C

=6 Injx+3| + 3 In[2x” +8x+9| + C

11 I -6 + 12x+24
' x+3  2x%+8x+9

12, j- -5 + 10x-15

; =5 Infx=4| + 3 In|2x* ~6x+9| + C
x—4  2x"-6x+9

PART C:
Integration of improper Rational Expressions by Partial Fractions

The prerequisite skills of Part B are also required in Part C. Furthermore, the student is expected
to be able to use long division to decompose an improper rational expression.

In each indefinite integral of Part C the improper rational expression must be rewritten as a
polynomial plus proper rational. In most cases the resulting proper rational can then be further
simplified by decomposition into a sum of partial fractions. The details of the long division and
partial fraction decomposition are left to the student.

- 3+ 2. +
Example 1 Find the indefinite integral. j. 3x” +8x” ~10x+15 dx
x+4
x> +8x% —~10x+ , s
[3Y 8x ~10x 15dx=I3x’-4x+6- 9 dx=x’—2x2+6x~91n]x+4l+C
x+4 x+4
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Example 2 Find the indefinite integral.

2 AT S e = 1o ope b
I x*+x~6 dx '[[2 ¥ (x+3)(x~2) d f 2 5 x+3 T3 x=2 d
jw dx = 2x + ¢ ]n{x+3[ 'ln[x—2| +C
X" +x-6

34902 -
Example 3 Find the indefinite integral. j 2 *2x Z95x+40 dx

x* +x% -20x
73‘*‘ 2. + — "
J-ZA 42x595x 4de="-2+ 40-11x dx=f2~—2- 7 5 e
x*+x°-20x x(x +5)(x~4) X 5 x-
+ -
— jh 2" 9SX+4de = 2x -2]nh}+7ln{x+5| -51n|x 4|+C
x? +x?-20x
— + -
Example 4 Find the indefinite integral. f 22" 907 +9x" -85 =6
x?~6x*+9x
2x* —9xF +9x% ~ ? w355 —
f,x 9x° +9x? —8x ~ 6dx—.[2x+3+9x 35x26dx
x> ~6x% +9x x(x*3)
=J'2x+3-2_._],+29..1 -___I.Q__dx
3 x 3 x-3 (x—3)2
= x? +3x = Zednfx| + Dolnjx-3] + —% 4 C
2 J x- 3
EXERCISES Find the indefinite integral.
+ - 43y -
1. .‘-6x Sdr 9 j—4x IZA d,' 3 ISA 3x de
x+2 x-l
3 +73 2 — — + -
4 !,x ’gx 4x 6dx 5 [4\: 8x 31 6 j' ¥ =3x? e
x*+2x-15 x“=3x—-4 x*=3x-10
2 420%2 +15x + 10 2 155~
- J-4\ 320x7 15x de 8 j—x ](h3 287x 5x~15 e
x”+5x  +4x x —7x" +10x
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L5 4 . ‘3+7 2 + _5+,.4+ 3+4—2_‘,_
9. J‘:» 2 =Tx’ +20x° ~12x+4 10. j-4x 6x" +2x” +3x° —5x 7dx

3.2 o 3 2
x +x" —6x x +2x +x

3 15,2 A n 32 e
1. .(Zx zISx ;H7x+25dx 12. Ix 225 6f 6x 3dx
x'=10x~ +25x x° +4x" +4x

ANSWERS
1, I6x+5dx~f[ 6-—1—| dv = 6x - Thjx+2| + C
x+2 x+2
2. J‘i‘i‘...ﬂ?ﬁf__?ﬁd = [ |ax #8+ 2 e =202 4 8r + 1S Injx-9) + C
x=3 x=

3 —
3. jwm j[sl P 5x 4840

1 dx = —35x3 + —%xz-l- 8x + 6 In!x-'ll + C
-

jx +3x% ~dx 6dx=jx+l 9x +9
x*+2x~-15 (L+5)(x—3)
1 1
=[|x+1+ —%-;—;—5 + 2 —| & = Ix? 4 x + Zoinfx+5| + Fnfx-3] + C

=4x -3 InIxH} + 7‘ln|x—4{ +C

x? =3x? ) 10x - 20 | 50 1 d
6 (oo =] )| (IR Sl
= %xz + %Q-ln]x+2, + %Q'ln!x-Sl + C
4x® +20x7 +15x+8 | _ 8-x _ 2.1 3
v J‘ x* +5x% +4x e = 'f 4 x(x+4)(x+l) = J' e x +x+4 x+1

= 4x + 2 Injx| + In|x+4] = 3 Injx+1| + C
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L 3% +15x-15

¢! ~10x° +28x° -15x ~15
8. (= _g g ox Floxmly
I I e x(x—Z)(x-—S)

5 > dx = dx
x’—Tx"+10x

= I[x—B—%~l~%—~~——l——5"~—]—-5— dx = %x2~3x-—%]n]x|—%—ln|x-—-2‘~ln!x*Sl-FC
x x- x= “

9 J-x5—2x"'-7x3+20x2 ~12x+4 s =I =3y + 2+ b
' X7 +x? -6x ’ x(x +3)(x-2)
5 1 1 5 1 )
:![X “3X+2"%‘;+%';¥5+%‘;—;§ dx
= %—x3 - %xz + 2x — ~%—lnlx| + —%]n{x+3{ + %ln!x—2[ +C
10 j-4x5+6x4+2x3+3x2—5x—7 g = [ 4x2_zv+2+x2—7x—7 i
) x4+2x7 +x ) v“(xﬂ)2

4y = 2x + 2 -

=]

= —g‘—x3—xz + 2x ~7ln'x’ +8!nlx+l[ +-]°—+C
x+1

RS

8
+ e
x+1

1" sz3-—1sxz+17x+25 -
Xt -10x" 425k

5x% ~33x+25

;\‘('--5)2

2 + C
x-5

2+l+_———~

4
2
¥ x x-S (x—S)z

dx=J‘

= 2x + Injx| + 4 In|x-5| 4

dx

443 6 ? —2x? +2x 43
12_!x 2x Gic 6x de:"_(x"?-"' 2x Zt’.)
x* +4x? +4x x(x+2)’

:J-x-—2+__.l-—.]_l.l
X 4 x+2

1
(x+2)2

\F8

+ dx

[ X

5

1
x+2

%x: - 2x + —?T-ln‘xl - %~ln}x+]{ - % + C
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ADDITIONAL EXERCISES FOR PART B

Find the indefinite integral:

~12x%+2x-1
1. f(4x2+1)(x+1)
Ans: arctan(Zx) -~ 3lnjx+ 1]+ C

~8x24+5x~17
f (4x2+1)(x-3) d

Anszgarctan(Zx) -2Injx- 3|+ C

~x24+10x+69
(1+x2)(x+7)
Ans: 10arctan(x) - Injx + 7|+ C

f 16x%+3x-14
(x-5)(16x2+1)

Ans:%arctan(t}x) +Injx- 5|+ C

—27x%+6x+9
5. f(1+9x2)(x+2)d
Ans: 2arctan(3x) - 3Injx+ 2|+ €

ADDITIONAL EXERCISES FOR PART C

Find the indefinite integral:

6xt+3x%2~1
[—=—=d

1, :
22241
w31
Ans: x* - arctan(V2x) + C
16x3+4x+3
2. f 4xZ+1 d
Ans: 2x2 + %arctan(Zx) +C
40x%+3
3. f 8x2+1
2
Ans: 5x - ﬁarctan(\/.éx) +C
725" +10
4 X+
2
9x +1

. 2
Ans: 8x+ ~arctan (3x)+cC



